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Workshop program

 LinearMPC: introduction and algorithms (AB)

 Nonlinear and economicMPC (MZ)

 Hybrid and stochasticMPC (AB)

 Reinforcement learning andMPC (AB+MZ)

 Concluding remarks (AB+MZ)

Supplementarymaterial:

http://cse.lab.imtlucca.it/~bemporad/mpc_course.html
https://mariozanon.wordpress.com/teaching/
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Learning MPC from data

• Goal: learnMPC law from data that optimizes a given index

• Reinforcement learning = use data and a performance index to learn an

optimal policy

• Q-learning: learnQ-function defining theMPC law from data

(Gros, Zanon, in press) (Zanon, Gros, Bemporad, 2019)

• Policy gradientmethods: learn optimal policy coefficients directly from data

using stochastic gradient descent (Ferrarotti, Bemporad, 2019)

• Global optimizationmethods: learnMPC parameters (weights, models,

horizon, solver tolerances, ...) by optimizing observed closed-loop performance

(Piga, Forgione, Formentin, Bemporad, CDC 2019) WeC23.4

(Forgione, Piga, Bemporad, submitted)
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Data-driven MPC



Data-driven MPC
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• Canwe design anMPC controllerwithout first identifying amodel of the

open-loop process ?
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Data-driven direct controller synthesis
(Campi, Lecchini, Savaresi, 2002) (Formentin et al., 2015)Virtual reference feedback tuning
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Collect a sequence of data {u(k), y(k), p(k)}Nk=1

Specify a desired closed-loop behaviour M. Compute the reference signal rv(k)
such that the y(k) is the output of M when fed by a reference signal rv(k) (i.e.,
rv(k) = M†y(k)).

Compute the virtual tracking error ev(k) = rv(k)� y(k). When the observed
input sequence u(k) is applied to the plant, the output signal will be (in a
noise-free scenario) the observed sequence y(k). Then, a “good” controller is the
one that generates the observed sequence u(k) when fed by the virtual tracking
error ev(k).

Compute the dynamical system (i.e., the designed controller) describing the
dynamic relation between ev(k) and u(k).
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• Collect a set of data {u(t), y(t), p(t)}, t = 1, . . . , N

• Specify a desired closed-loop linearmodelM from r to y

• Compute rv(t) =M#y(t) from pseudo-inversemodelM# ofM

• Identify linear (LPV) modelKp from ev = rv − y (virtual tracking error) to u
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Data-driven MPC

• Design a linearMPC (reference governor) to generate the reference r

(Bemporad,Mosca, 1994) (Gilbert, Kolmanovsky, Tan, 1994)

Linear prediction model 
(totally known !)
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• MPC designed to handle input/output constraints and improve performance

(Piga, Formentin, Bemporad, 2017)
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Data-driven MPC - An example
• Experimental results: MPC handles soft constraints on u,∆u and y

(motor equipment by courtesy of TUDelft)
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No open-loop process model is identified to design theMPC controller!
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Optimal data-driven MPC

• Question: How to choose the referencemodelM ?

Hierarchical control architecture

Can we improve the closed-loop performance and impose input/output constraints?
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• Canwe chooseM from data so thatKp is an optimal controller ?
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Optimal data-driven MPC
(Selvi, Piga, Bemporad, 2018)

• Idea: parameterize desired closed-loopmodelM(θ) and optimize

min
θ

J(θ) =
1

N

N−1∑
t=0

Wy(r(t)− yp(θ, t))
2 +W∆u∆u2

p(θ, t)︸ ︷︷ ︸
performance index

+ Wfit(u(t)− uv(θ, t))
2︸ ︷︷ ︸

identification error

• Evaluating J(θ) requires synthesizingKp(θ) from data and simulating the
nominal model and control law

yp(θ, t) =M(θ)r(t) up(θ, t) = Kp(θ)(r(t)− yp(θ, t))

∆up(θ, t) = up(θ, t)− up(θ, t− 1)

• Optimal θ obtained by solving a (non-convex) nonlinear programming problem
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Optimal data-driven MPC
(Selvi, Piga, Bemporad, 2018)

• Results: linear process

G(z) =
z − 0.4

z2 + 0.15z − 0.325

The data-driven controller is only 1.3%worse

thanmodel-based LQR

• Results: nonlinear (Wiener) process

yL(t) = G(z)u(t)

y(t) = |yL(t)| arctan(yL(t))

The data-driven controller is 24% better than

LQR based on identified open-loopmodel !
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Data-driven optimal policy search



Policy search setup
(Ferrarotti, Bemporad, 2019)

• Plant + environment dynamics (unknown):

st+1 = h(st, pt, ut, dt)
– st states of plant & environment

– pt exogenous signal (e.g., reference)

– ut control input

– dt unmeasured disturbances

• Control policy: π : Rns+np −→ Rnu deterministic control policy

ut = π(st, pt)

• Closed-loop performance of an execution defined as

J∞(π, s0, {pℓ, dℓ}
∞

ℓ=0) =

∞∑
ℓ=0

ρ(sℓ, pℓ, π(sℓ, pℓ))

ρ(sℓ, pℓ, π(sℓ, pℓ)) = stage cost
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Optimal Policy Search Problem
• Wewant tominimize the expected performance

J (π) = Es0,{pℓ,dℓ} [J∞(π, s0, {pℓ, dℓ})]

• Optimal policy: π∗ = argmin
π
J (π)

• Simplifications:

– Finite parameterization: π = πK(st, pt)withK=matrix to optimize

– Finite horizon: JL(π, s0, {pℓ, dℓ}
L−1

ℓ=0 ) =

L−1∑
ℓ=0

ρ(sℓ, pℓ, π(sℓ, pℓ))

• Optimal policy search: use stochastic gradient descent (SGD)

Kt ← Kt−1 − αtD(Kt−1)

withD(Kt−1) = descent direction
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Descent Direction

• The descent directionD(Kt−1) is computed by generating:

– Ns perturbations s
(
0i) around the current state st

– Nr random reference signals r(j)ℓ of lengthL, ℓ = 0, . . . , L− 1

– Nd random disturbance signals d(h)ℓ of lengthL, ℓ = 0, . . . , L− 1

D(Kt−1) =

Ns∑
i=1

Np∑
j=1

Nq∑
k=1

∇KJL(πKt−1
, s

(i)
0 , {r(j)ℓ , d

(k)
ℓ }ℓ) st

• The SGD step corresponds to amini-batch of sizeM = Ns ·Nr ·Nd

• Computing∇KJL requires predicting the effect of π overL future steps

• We use a local linearmodel just for computing∇KJL, using recursive linear
system identification
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Optimal Policy Search Algorithm

• At each time t:

1. Acquire current st

2. Recursively update the local linear model

3. Estimate the direction of descentD(Kt−1)

4. Update policy:Kt ← Kt−1 − αtD(Kt−1)

• If policy is learned online:

– Compute the nearest policyK⋆
t toKt that stabilizes the local model

K⋆
t = argmin

K
∥K −Ks

t ∥22
s.t.K stabilizes local linear model linear matrix inequality

• When policy is learned online, exploration is guaranteed by the reference rt
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Special Case: Output Tracking

• xt = [ yt, yt−1, . . . , yt−no
, ut−1, ut−2, . . . , ut−ni

]

∆ut = ut − ut−1 control input increment

• Stage cost: ∥ yt+1 − rt ∥2Qy + ∥ ∆ut ∥2R + ∥ qt+1 ∥2Qq

• integral action dynamics qt+1 = qt + (yt+1 − rt)

st =

[
xt

qt

]
, pt = rt.

• Linear policy parametrization:

πK(st, rt) = −Ks · st −Kr · rt, K =

[
Ks

Kr

]
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Example: model-free LQR xt+1 =
[−0.669 0.378 0.233
−0.288 −0.147 −0.638
−0.337 0.589 0.043

]
xt +

[−0.295
−0.325
−0.258

]
ut

yt = [−1.139 0.319 −0.571 ]xt

model is unknown

Online tracking performance (no disturbance, dt = 0):
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LTI Example

Evolution of the error ∥Kt −Kopt∥2:

0 10000 20000 30000
0

2

4

Time t

||Kt − Kopt ||2

KSGD = [−1.255, 0.218, 0.652, 0.895, 0.050, 1.115,−2.186]

Kopt = [−1.257, 0.219, 0.653, 0.898, 0.050, 1.141,−2.196]
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Nonlinear Example

Continuously Stirred Tank Reactor (CSTR)[1]

model is unknown

Feed:

- concentration: 10kgmol/m3

- temperature: 298.15K

T = T̂ + ηT , CA = ĈA + ηC , ηT , ηC ∼ N (0, σ2), σ = 0.01

Qy =

[
1 0

0 0

]
R = 0.1 Qq =

[
0.01 0

0 0

]

[1] figure retrived from apmonitor.com
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Nonlinear Example

Online learning

concentrationCA and referencert

7

8

9

y
t

rt
yt

temperatureT

290

300

310

320

330

x
2 t

coolant temperatureTC

0 5000 10000

260

280

300

320

Time t

u
t

ni no L

2 3 10

N0 Nr Nq

50 20 20

Validation phase

CostKSGD = 4.3 · 103

2

4

6

8

10

y
t

KSGD
rt

CostKID = 2.4 · 104

0 10000 20000

2

4

6

8

10

Time t

y
t

KID
rt

• Approach currently extended tomultiple linear and nonlinear policies
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Autotuning of MPC



x1
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x3 x4

Auto-tuning
• Controller depends on a vector x of parameters

• Parameters can bemany things:
– MPCweights, coefficients of the predictionmodel, horizons

– Entries of covariancematrices in Kalman filter

– Tolerances used in numerical solvers

– …

• Define a performance index f over a closed-loop simulation or real experiment.

For example:

f(x) =

T∑
t=0

∥y(t)− r(t)∥2

(tracking quality)

• Auto-tuning = find the best combination of parameters that solves the

global optimization problem

min
x

f(x)
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Auto-tuning - Global optimization algorithms

• Solvingmin f(x) requires an optimization algorithm that, preferably:

– does not require the gradient∇F of f(x)

(derivative-free or black-box optimization )

– does not get stuck on local minima

(global optimization)

– requires the fewest evaluations of the cost function f

(which is expensive to evaluate)
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Auto-tuning - Global optimization algorithms

• Several derivative-free global optimization algorithms exist: (Rios, Sahidinis, 2013)

– Lipschitzian-based partitioning techniques:

• DIRECT (DIvide in RECTangles) (Jones, 2001)

• Multilevel Coordinate Search (MCS) (Huyer, Neumaier, 1999)

– Response surfacemethods

• Kriging (Matheron, 1967),DACE (Sacks et al., 1989)

• Efficient global optimization (EGO) (Jones, Schonlau,Welch, 1998)

• Bayesian optimization (Brochu, Cora, De Freitas, 2010)

– Genetic algorithms (GA) (Holland, 1975)

– Particle swarm optimization (PSO) (Kennedy, 2010)

– ...

• Newmethod: inverse distance weighting + radial basis function surrogates

(GLIS) (Bemporad, 2019)
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Auto-tuning: MPC example
• Wewant to auto-tune the linearMPC controller

min

50−1∑
k=0

(yk+1 − r(t))2 + (W∆u(uk − uk−1))
2

s.t. xk+1 = Axk +Buk

yc = Cxk

−1.5 ≤ uk ≤ 1.5

uk ≡ uNu
, ∀k = Nu, . . . , N − 1

• Calibration parameters: x = [log10 W
∆u, Nu]

• Range: −5 ≤ x1 ≤ 3, 1 ≤ x2 ≤ 50

• Closed-loop performance objective:

f(x) =

T∑
t=0

(y(t)− r(t))2 +
1

2
(u(t)− u(t− 1))2 + 2Nu
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Auto-tuning: Example
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• Result: x⋆ = [−0.2341, 2.3007] W∆u = 0.5833,Nu = 2
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Auto-tuning: Pros and Cons

• Pros:

 Selection of calibration parameters x to test is fully automatic

 Applicable to any calibration parameter (weights, horizons, solver tolerances, ...)

 Rather arbitrary performance index f(x) (tracking performance, response time,

worst-case number of flops, ...)

(Piga, Forgione, Formentin, Bemporad, CDC 2019) WeC23.4

• Cons:

 Need to quantify an objective function f(x)

 No room for qualitative assessments of closed-loop performance

 Often objectives aremultiple, not clear how to blend them in a single one

• Current research: semi-automatic tuning: an algorithm suggests new tuning

params to try based on human assessments
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Learning MPC from data - Lesson learned so far

• Model/policy structure includes real plant/optimal policy:

– Sys-id +model-based synthesis and reinforcement learning lead to same policies

– Reinforcement learningmay requiremore data

(model-based can instead “extrapolate” optimal actions)

• Model/policy structure does not include real plant/optimal policy:

– optimal policy learned from datamay be better thanmodel-based optimal policy

– when open-loopmodel is used as a tuning parameter, learnedmodel can be quite

different from best open-loopmodel that can be identified from the same data
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Conclusions

• MPC is a universal control methodology:

– differentmodels (linear, nonlinear, hybrid, stochastic, …)

– optimize performance index subject to constraints

– widely applicable tomany domains (process industries, automotive, aerospace,

smart grids, ...)

• MPC research:

1. Linear, linear uncertain, explicit: mature theory

2. Hybrid, nonlinear, economicMPC: still a few open issues

3. Stochastic and robust nonlinearMPC:many open issues

4. Embedded optimizationmethods forMPC: anything new can be very useful

5. Data-drivenMPC / Reinforcement learning forMPC:wide open area

6. System identification forMPC: a lot to “learn” frommachine learning

• MPC technology: alreadymature for industry
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The end

• The contents presented in this workshop are an excerpt of two PhD courses
held every year at IMT Lucca, Italy:

– A. Bemporad -Model Predictive Control

http://cse.lab.imtlucca.it/~bemporad/mpc_course.html

April 1-3, 6-7, 2020

– M. Zanon -NumericalMethods for Optimal Control

https://mariozanon.wordpress.com/teaching/

May 25-29, 2020

• Registration is free, but compulsory
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