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WORKSHOP PROGRAM

? Hybrid and stochastic MPC (AB)
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HYBRID MODELS



HYBRID DYNAMICAL SYSTEMS

u(k contmu.ous
dynamical |7

10 /o\‘ 5 . - system
0 7o) hybrid

. /)1>0 . dynamical |

(1170 system
(k) N
uy(k) 1
e Variables are binary-valued e Variables are real-valued
xp € {0,1}™, up € {0,1}™¢ Te € R, u, € R™Me
e Dynamics = finite state machine ¢ Difference/differential equations
e Logic constraints e Linear inequality constraints
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PIECEWISE AFFINE SYSTEMS

r(k+1) = Ajwa(k) + Bigyu(k) + fir
y(k) = Ciwx(k) + Digyu(k) + gir)

e PWA systems can approximate nonlinear dynamics arbitrarily well
(even discontinuous ones)

z(k+1)
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DISCRETE HYBRID AUTOMATON (DHA)

discrete Event Generator ze(k)
be =1] < [Hxe+ Kue < W
5o (k) [ =1 ]
be =1
L= Switched Affine System
Finite State Machine ue(k) zc(k;ltzt)(k:)_*_&uc(k)_f_fi i
zp(k+1) = discrete ik zc(k)
RS ORTORIO) tima P=i
S 22(k)
mode | i(k)
Mode Selector .
(k) | =
1)
de(k .
(k) l:fM(weaW#Se) .
continuous
xg € {0,1}™ = binary state T, € R = real-valued state
ug € {0,1}™¢ = binary input U, € R™Me = real-valued input
d. € {0,1}" = eventvariable i€{l,...,s} = currentmode

019 A. Bemporad - MPC Workshop - CDC'19 5/81



SWITCHED AFFINE SYSTEM

discrete
Event zc(k)
e Generator
5e(k) "
oo =1 <5 Switched
D Affine
: System
uc(k) C 1R
Finite State I 3
Machine A3 p > ze(k)
ug(k) ﬁ\ ) b
zo(k)
Mode Sclector mode |i(k)
ug(k)
5e(k) I.
B )
continuous

¢ The affine dynamics depend on the current mode i(k):
ze(k +1) = Aiyze(k) + Bigkyue(k) + fir)

T, € R",u, € R™e
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EVENT GENERATOR

discrete

de (k)

Event zc(k)

Generator

ug(k)

Finite State
Machine

S

,,,,,,,,,,,,,,,

Switched
Affine
System

z¢(k)

Mode Selector
ug(k)
50(k) HID

=

mode |i(k)

)

continuous

e Event variables are generated by linear threshold conditions over continuous
states, continuous inputs, and time:

[&Z(k') = 1] e [Hzxc(k) + Kluc(k"> < WZ] Te € Rnc, Ue € R™Me

e Example: [0.(k) = 1] + [z.(k) > 0]
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FINITE STATE MACHINE

discrete
Event (k)
. Generator
de(k) .
=1 25 Switched
& :'D Affine
System
uc(k) 1 &k
Finite State . o
Maching Tz ™
b
Mode Selector mode ’(k)
Se(k) H"
= .
continuous

e The binary state of the finite state machine evolves according to a Boolean
state update function fp : {0, 1}metmetne — {0 1}

ze(k +1) = fp(xe(k), ue(k), 0c(k)) zp € {0,1}™,  wp € {0,1}m

8. € {0, 1}
o Example: zo(k + 1) = = (k) V (xe(k) A ue(k))
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MODE SELECTOR

discrete
Event ze(k)
e Generator
de(k) .
se=1_<5 Switched
Affine
2 =0) ® System
Finite State et The mode selector can be seen
Machine b b |@e(k)
uel) ﬁo I as the output function of the

O [Teel® discrete dynamics
Mode Selector mode I(A)

(k)

Bl

continuous

¢ The active mode i(k) is selected by a Boolean function of the current binary
states, binary inputs, and event variables:

i(k) = far(we(k), ue(k), de(k)) zp € {0,1}™, wuy e {0,1}™

be € {0,1}7
e Example: {01}

(F)Vae(k) vefre | O !

. _ —\ug CEZ N N

i(k) = [ e (Y (k) } 2 i= é i= é the system has 3 modes
1= |9 1= |
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CONVERSION OF LOGIC FORMULAS TO LINEAR INEQUALITIES

e Key observation: X; V X, = true 01+ 62 >1,01,02 € {0,1}
¢ We want to impose the Boolean statement
F(Xy,...,X,) =true

e Convert the formula to Conjunctive Normal Form (CNF)

7\(\/Xi\/)zi):true, PJUNJQ{L,TL}

j=1 \ieP; ieN;

e Transform the CNF into the equivalent linear inequalities

e N : , A5 <b, 6 € {0,1}"

: : polyhedron
2iep, 0it 2ien, (1=0:) > 1

Any logic proposition can be translated into integer linear inequalities
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BIG-M TECHNIQUE (IFF)

e Consider the if-and-only-if condition

eX
§=1 "2e—b <0 e
[ J o ldwe=b < 0] 0 €{0,1}
e Assume X C R™ bounded. Let M and m suchthatVz,. € X

M > dz.—b
m < ax.—0b

o The if-and-only-if condition is equivalent to

{ dzx.—b < M(1-19)

az.—b > md

e We can replace the second constraint witha’xz. — b > € + (m — €)4 to avoid
strict inequalities, where ¢ > 0 is a small number (e.g., the machine precision)
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BIG-M TECHNIQUE (IF-THEN-ELSE)

e Consider the if-then-else condition

Lex
diwe—by if6=1 e €
= ahz. — by otherwise 0€{0.1}
2he T2 z€R

e Assume X C R™ bounded. Let M7, M5 and mq, my such thatVx, € X

M, > (J,lll'c —b > m
My > a’Qxc —by > mgy

e The if-then-else condition is equivalent to

(m —M2)(1-9)+2z < alac—bh

(my—M)(1-96)—2z < —(ajze—b1)
(my—M)d+2z < dbz.— by
(my — M3)d — 2 < —(abx.—bo)
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SWITCHED AFFINE SYSTEM

o The state-update equation of a SAS can be rewritten as Affi;”;‘;sjfem

S

zo(k+1) = zi(k)  zi(k) € R™

i=1
with
A1IL’C(]€) —+ B1uc(k) =+ f1 if 51(]{:) =1
Z1 (k) == .
0 otherwise
Asze(k) + Bsuc(k) + fs  ifds(k) =1
zs(k) = .
0 otherwise

and with §;(k) € {0, 1} subject to the exclusive or condition

- . S k) > 1
3:(k) = 1orequivalently =1
; {Zi:15i(k) < 1

e Outputeqs y.(k) = Ciz.(k) + D;u.(k) + g; admit similar transformation

13/81
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TRANSFORMATION OF A DHA INTO LINEAR (INJEQUALITIES

X1V X, =TRUE 51 4+62>1, 51,02 € {0,1}
Any logic statement Z Z

X) =TRUE 1< 5+ (1-9)
US g i€ePy i€Ny
m /i :
/\ (VierXi Vien; ﬁXz') (cNF) 1< S 6+ > a-6)
J=1 i€Pm i€Nm
NJ,PJ C {1 ..... n} / }»

H'wo(k) = W' < M'(1— (k)

_ 7 {
1000 =11 = [H'ae(k) < W) ‘ Hl:cc(k) Wi > mis (k)

Mz)(1—5)+2 < air+biut fr
IF [§=1] THETN/alz+ 1utf1 Z?m (1-6 < —ajz—biu—fi
ELSEz_a2a/+b2u+f2 -\ (m2 -|-z < agz 4 bou+ fo
(my — Mp)d~z < —apx —byu—f
\ Switched ™~ \
Afflne System >
Finite State Mode Selector Event
Machine . Generator
( JOT\ LA h
© [ s P
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MIXED LOGICAL DYNAMICAL (MLD) SYSTEMS

e By converting logic relations into mixed-integer linear inequalities
a DHA can be rewritten as the Mixed Logical Dynamical (MLD) system

z(k+1) = Axz(k)+ Biu(k) + B2d(k) + Bsz(k) + Bs
y(k) = Cz(k)+ Diu(k) + D26(k) + Dsz(k) + Ds
EQ(S(k‘) + E3Z(k) < E4"L‘(l€) =+ E1u(k) + E5

z € R" x {0,1}", u € R™e x {0,1}™®
y € RPe x {0,1}P, 6 € {0,1}", z e R™

e The translation from DHA to MLD can be automatized, see e.g. the language
HYSDEL (HYbrid Systems DEscription Language)

o MLD models allow solving MPC, verification, state estimation, and fault
detection problems via mixed-integer programming
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DHA AND HYSDEL MODELS

SYSTEM name {
INTERFACE {

{
REAL xc [xmin,xmax];
BOOL x1; }

{
REAL uc [umin,umax];
BOOL ul; }

{

® REAL paraml = 1;}

\- [ }
=y

A

IMPLEMENTATION {
{ BOOL d;
—— o REAL z; }
gk DY >

5. (k J,:F:?' / \ , { x1 = x1 & ~ul; }

{d=xc -1<=0; }

2
> { z = { IF d THEN 2*xc ELSE -xc }; }
=\

Additional relations
constraining system’s
variables

xc + uc <= 2;

7 ~(x1 & ul); }
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EQUIVALENCE OF HYBRID MODELS

¢ MLD and PWA systems are equivalent

Proof: For a given combination (x4, us, §) of an MLD model, the state and
output equation are linear and valid in a polyhedron.

Conversely, a PWA system can be modeled as MLD system (see next slide)

o Efficient conversion algorithms from MLD to PWA form exist

e Further equivalences exist with other classes of hybrid dynamical systems, such
as Linear Complementarity (LC) systems
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BOUNCING BALL - PWA EQUIVALENT

>> P=pwa(S); . Height
>> plot(P) ol
3
>> [X,T,I]=sim(P,x0,U); i
1 T
0 ﬁ”/ \',
4 ‘
0 2 4 6 8
m Veloclty
Number of P¥A Regions: 2
150 + v v - R
i+t s
#2
" : : i 0 J}\\J f\\J\\JAVAV n
50 1 > N
B -0
z 0 2 4 5 8
2
; Eventvariable 'negal
% y(k) <0 y(k)>0
08
100 06
P [. 04
height 0z
0
0 2 4 3 8
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EXAMPLE: ROOM TEMPERATURE CONTROL

air conditioning

L —
| - Ucol }Lfi—ﬁﬂ“
Uhot I
-) T

discrete dynamics continuous dynamics
e #1=cold — heater =on dT;
e #2=cold — heater = on unless #1 hot gt = ~oslTiTomb) i (uhor—tcoia)
e A/C activation has similar rules i=1,2

gotodemodemos/hybrid/heatcool.m
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EXAMPLE: ROOM TEMPERATURE CONTROL

SYSTEM heateool {

INTERFACE {
TATE ¢ REAL T1 [-10,50]:
REAL T2 [-10,50]:
)
T { REAL Tamb [-10,50]:
)
METER {
REAL Ts, alphal, alphs2, k1, k2:
REAL Thotl, Teoldl, Thot2, Teoldz, Ue, Uh:
¥

IMPLEMENTATION {
! { REAL uhot, ucold;
BOOL hotl, hotz, coldl, cold2;

hotl = T1>=Thotl:
hot2 = T2>=Thot2;

coldl = T1<=Tcoldl:
eold2 = T2<=Teold2:
¥
L { uhot = (IF coldl | (cold2 & ~hotl) THEN Uh ELSE 0};

ucold = {IF hotl | (hotZ & ~coldl) THEN Uc ELSE 0}:

{ T1 = T1+Ts*(-alphal®(T1-Tamb) +k1* (uhot-ucold));
TZ = Tz+Ts*(-alphaZ®(TZ-Tamb)+k2 * (uhot-ucold))

>> S=mld('heatcoolmodel’,Ts); get the MLD model in MATLAB

>> [XX,TT]=sim(S,x0,U); simulate the MLD model
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EXAMPLE: ROOM TEMPERATURE CONTROL

o MLD model of the room temperature system

z(k+1) = Ax(k)+ Byu(k)+ B2d(k) + Bsz(k) + Bs
y(k) = Cux(k)+ Diu(k) + D26(k) 4 Dsz(k) 4 Ds
E26(k) + Egz(k‘) < E4JJ(]<)) + Elu(k) + FE5

- 2 continuous states (temperature T4, T3)
- 1 continuous input (room temperature Tamp)
- 2auxiliary continuous vars ( power flows tnot, Ucold)
- 6 auxiliary binary vars (4 threshold events + 2 for the OR condition)

- 20 mixed-integer inequalities

e Inprinciple we have 26 = 64 possible combinations of integer variables
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EXAMPLE: ROOM TEMPERATURE CONTROL

e PWA model of the room temperature system

r(k+1) = Ajwa(k) + Bigyu(k) + fir)
y(k) = Cimz(k) + Digyu(k) + gix) 5> P=pwa(S);:

Z(k) s.t. Ht(k)x(k) + Jz(k)u(k) S Ki(k)

Temperature T, (C)
‘ heater on ‘ l both off H A/Con ‘

2 continuous states (77, T»)
1 continuous input (Tmp)

5 polyhedral regions

(partition does not depend on input)
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EXAMPLE: ROOM TEMPERATURE CONTRO

e
W heatcools S=[x]
fie Edt View Smulaton Format oo Help
DSeE& =@ 2= » =foo [Nomd ~
state
—
I MLD state

p| 0 wmatics B
=
inputsignal

Hybrid MLD System

state

PA state

Hybrid PWA System PUWA mode
Ready [100%

[ loded5.

e MLD and PWA models are equivalent, hence simulated states are the same

©2019 A. Bemporad - MPC Workshop - CDC'19
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MODELING HYSTERESIS

z,=1

z,~=0

Imiﬂ xmax
o Hysteresis between z,in < z.(k) < Zmax
e Introduce two binary variables

[5miﬂ(k) = 1] A [wc<k) S xmin]
[5max(k) = 1] And [IC(k) Z mmax]

e Introduce logic state z; € {0, 1} with dynamics

zo(k+1) = (2e(k) A =0min (k) V (=20(k) A Omax (k)
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CHOICE CONSTRAINTS

e Logic constraint: make one or more choices out of a set of alternatives:

- make at most one choice: §; + d2 + 93 < 1
- make at least two choices: §1 + 02 + d3 > 2

- exclusive or constraint: 61 + d2 + d3 = 1

e More generally:

Z 6; <m choose at most m items out of N
Z 6 =m choose exactly m items out of NV

Z 0 >m choose at least m items out of NV
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“N0-GOOD" CONSTRAINTS

e Given abinary vector § € {0, 1}" we want to impose the constraint
§#0

o This may be useful for example to extract different solutions from an MIP that
has multiple optima

e The "no-good” condition can be expressed equivalently as

F={i:6=0
Sai=>0 <71+26 T:é:éi:li

€T i€EF
or
n n_o_
2(261 - 1)51 < Z i 1
i=1 i=1
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ASYMMETRIC WEIGHTS

o Asymmetric weight: only weight a variable uy, if ui, > 0

2?2

We can introduce a binary variable [0, = 1] <> [ux > 0] and 5=0 | 6,=1

0  otherwise ot

Uy,

z, = max{ug,0} = {

then weight z;, instead of uy,

Better solution: only introduce auxiliary variable z; and optimize

N-1
min (...)+ Zz,%
k=0
s.bt. zp > ugp
2z >0

Similar approachwhen || - ||oc or || - ||1 are used as penalties

Same trick applies to linear MPC
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GENERAL REMARKS ABOUT MIP MODELING

The complexity of solving a mixed-integer program largely depends on the
number of integer (binary) variables involved in the problem

Hence, when creating a hybrid model one has to

Be thrifty with binary variables !

Adding logical constraints usually helps

Generally speaking

modeling is an art
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IDENTIFICATION OF HYBRID SYSTEMS



PWA REGRESSION PROBLEM

¢ Problem: Given input/output pairs {z(k),y(k)},k = 1,..., N and number s of
models, compute a piecewise affine (PWA) approximation y ~ f(x)

Fll‘—|—gl Ile.ISKl

fl@)=4q:
Fsx+gs ifHsx < K

o Need to learn both the parameters { F;, ¢;} of the affine submodels and the
partition { H;, K;} of the PWA map from data (off-line learning)

y =f(z)

N

e Possibly update model and partition as new data
become available (on-line learning) \
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APPROACHES T0 PWA IDENTIFICATION

e Mixed-integer linear or quadratic programming
o Partition of infeasible set of inequalities

e K-means clustering in a feature space

e Bayesian approach

e Kernel-based approaches

e Hyperplane clustering in data space

e Recursive multiple least squares & PWL separation
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PWA REGRESSION ALGORITHM

1. Estimate models {F;, g;} recursively. Lete; (k) = y(k) — F;x(k) — g; and only
update model i(k) such that

i(k) «+ arg min,_; ei(k)’Aglei(k) + (z(k) — ci)' R-_l(a:(k) —¢)

K3

wx(’_/s’h’_? ?rcé'\vhow error ?rov.'\w\ﬁ{ Yo cenfrod
of wodel 4 of luster 4

using recursive LS and inverse QR decomposition

This also splits the data points z(k) in clusters C; = {z(k) : i(k) = i}
2. Compute a polyhedral partition { H;, K;} of the

regressor space via multi-category linear separation

¢(x) = max {wjw -}

i=1,...,s
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PWA REGRESSION EXAMPLES

Identification of piecewise-affine ARX model
k —0. . k—1 —0. . uy(k—1
(0] = [0 o2, ] [w6=D] + [5304]) [%2]
+[8:38] + max { [ 32 =095 ] [ 3)
0
0

+ 8892 [ ] + (3431, (81} +eoli),

¢ Quality of fit: best fit rate (BFR) = max {1 - M,O}z =1,2

N = 4000[N = 20000[N = 100000 RLP = Robust linear programming
Offine)RLP | 96.0% 965% 99.0%
y1| (Off-line) RPSN|  96.2% 96.4% 98.9%
(On-line) ASGD|  86.7% 950% 96.7 % RPSN = Piecewise-smooth Newton method
(Offine)RLP | 962% 969% 99.0%
ya| (Off-line) RPSN|  96.3% 96.8% 99.0%
(On-line) ASGD|  87.4% 95.2% 964% ASGD = Averaged stochastic gradient descent

e CPU time for computing the partition:

N = 4000 N = 20000] N = 100000
(Off-line) RLP 0.308 s 3.227s 112.435s
(Off-line) RPSN|  0.016's 0.086s 0.365s
(On-line) ASGD|  0.013s 0.023s 0.067 s
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PWA REGRESSION EXAMPLES

o |dentification of linear parameter varying ARX model

(p) = PWA function of p

[yl(k>] B [a1,1<p<k)) a1,2<p<k>>] [yl(k—n] a
b(p) has quadratic and sin terms

ya(k) | = [az2,1(p(k)) az,2(p(k)) ] [y2(k—1)

Bt (p(R)) B1,2(p() ] [ us (k—1)
[52,1(P(k)) Bz,z<p<k>>] [uz(kfl)] +eo(k)

Y1 Y2

. : o, [
° Quallty of fit (BFR) PWA regr.essmn* 87 % 84%
parametric LPV 80 % 70%

*

. Validatilon qatg (olpenl-lopp):l

0.8 05
0.6
0.4
0.2

0

-0.2

-0.5

110 120 130 140 150 160 170 180 190 200
time (samples)

-1 05 0 05 1
rkshop - CDC'19 P 33/81
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HYBRID MPC



HYBRID MODEL PREDICTIVE CONTROL
Azx(k) + Biu(k) + B20(k) + B3z(k) + Bs

z(k+1)
y(k) Cz(k) + Diu(k) + D26(k) + D3z(k) + Ds
Ez(s(k) + Egz(k) < E4x(k) =+ E1u(k) + E5

1

control i
reference input ) | === | output
~ur) | S k)
r(k) ulk) | =S| ylk)
process
model-based
optimizer measurements

Use a hybrid dynamical model of the process to predict its
future evolution and choose the “best” control action
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MIQP FORMULATION OF HYBRID MPC

e Finite-horizon optimal control problem (regulation)

N-1
min Z Y Qur + uj, Ruy,
k=0
Tp+1 = Axp + Biug + Bady + Bszp + Bs
ot ye = Czp + Diug + Dady + D3z, + Ds
o Eybr + Ezzp < Egxp + Eyug + Es
xo = xz(t)

Q=Q -0,R=R»0
o Treat uyg, dx, 2, as free decision variables, k =0,...,N — 1

e Predictions can be constructed exactly as in the linear case
k—1
xp = APy + ZAj(Bluk—l—j + Ba0k—1-j + B3zx—1-j + Bs)
j=0
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MIQP FORMULATION OF HYBRID MPC

o After substituting x, yi the resulting optimization problem becomes the
following Mixed-Integer Quadratic Programming (MIQP) problem

ming %f’Hf +a2' () F'E+ %,’1"(1‘)}’,’1‘(#)
st. GE<W + Sz(t)

e The optimization vector £ = [uq, ..., un—_1,00,---,0N—1,20;---,2N—1] has
mixed real and binary components

ug € R™e x {0, l}mb
5k c {O’ ]_}’l‘b § c RN(mc+Tc) X {07 1}N(mb+rb)
2z € R
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HYBRID MPC FOR REFERENCE TRACKING

e Consider the more general set-point tracking problem
N-1
ming Y llyk — 713 + luk — uel%
k=0
+o (H.’z';‘. — 2|12 + |0k — 6,13 +

2k — Z,H:Z)

s.t. MLD model equations
xg = z(t)

IN = Ty
witho > 0and [[v[|?, = v'Qu

e The equilibrium (z,, u,, ,, z,.) corresponding to r can be obtained by solving
the following mixed-integer feasibility problem

Ty = Axr + Biu, + B267' + B3z, + Bs
r = Cux,+ Diu, + D26, + D3z, + Ds
E25r + E3zr < E4x'r’ + Elur + E5
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CLOSED-LOOP CONVERGENCE

e Theorem. Let (z,, u,, J,, z,-) be the equilibrium corresponding to r.
Assume z(0) such that the MIQP problem is feasible at time ¢ = 0.
ThenV(@, R = 0,0 > 0the hybrid MPC closed-loop converges asymptotically

tlgrolo yit) = r tlggo z(t) =
| A0 = o
tli>Holo ut) = ur A A =z

and all constraints are fulfilled at each time ¢ > 0.

e The proof easily follows from standard Lyapunov arguments (see next slide)

e Lyapunov asymptotic stability and exponential stability follows if proper
terminal cost and constraints are imposed
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MILP FORMULATION OF HYBRID MPC

e Finite-horizon optimal control problem using infinity norms

N-1

ming Y [|Quklloo + | Rkl
k=0
Tht1 = Axy, + Biuy, + Body, + B3z, + Bs Q € R™Mv>my
s.t yr = Cuap+ Dyug + Dadg + D3zg + Ds R € R
o Exoi, + Eszi < Egxp + Evup + Es
xg = x(t)
e Introduce additional variables ¢}, ¢}, k = 0,...,N — 1
Yy > . Yy > 4+ 7
€, = Qx| & = Q,yk Q' = ith row of Q
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MILP FORMULATION OF HYBRID MPC

o After substituting x, yi. the resulting optimization problem becomes the
following Mixed-Integer Linear Programming (MILP) problem

N-1

ming Z €5+ €y
k=0
st. GE<W + Sz(t)

¢ g = [UO, o .,'I.LN,1,50, . '75N71720a e '7ZN717637687 o '76:;/\/'71761]{[_1]
is the optimization vector, with mixed real and binary components
ug € R™e x {0,1}™
ox € {0,1}
e % } § € RNMArer2) i {0, 13N (mete)
e, b eR

e Same approach applies to any convex piecewise affine stage cost
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HYBRID MPC — TEMPERATURE CONTROL

>> refs.x=2; % just weight state #2

2
>> Q.x=1; % unit weight on state #2 min E |2k — 7(t)|loo
>> Q.rho=Inf; % hard constraints =1
t m1k225,k:1,2
>> Q. = P % infinity norm s.t.
Q.norm=Inf; % y norms MLD model
>> N=2; % prediction horizon
>> limits.xmin=[25;-Inf]; Temperature T,
50
" N AN
>> C=hybcon(S,Q,N,limits,refs); i ﬁQ |
30 =
N |
20 ,\\ ! \\1
> c VARV,
10 i H H i
Hybrid controller based on MLD model S <heatcoolmodel.hys> [Inf-norm] 0 20 40 60 80 100
Temperature T, air conditioning
2 state measurement(s) 50
0 output reference(s) " N AN N N N\ R
0 input reference(s) f \ Y } \
1 state reference(s) ol f AW e bfedes il
0 reference(s) on auxiliary continuous z-variables 120 E e 2 A
g : : ;
20 optimizati iable(s) (8 ti 12 bi ) “\w" ﬂ }: m l—“ H l
optimization variable(s continuous, inary ( = |
46 mixed-integer linear inequalities ] [ | o L—‘ L u L‘ u
N N - o 20 40 60 80 100
sampling time = 0.5, MILP solver = 'glpk' |
| g Temperature T, .
Type "struct(C)" for more details. s0 - .
- VAL AN
(AR
- . _.,u,\ ;,f\fl\\H\
>> [XX,UU,DD,Z%Z,TT]=sim(C,S,r,x0,Tstop); \ J | \'J L_} u
20 i i H
0 20 40 60 80 100




HYBRID MPC — TEM

000

TURE CONTROL

Temp. T2
File Edit View Simulation Format Tools Help |

- 883 LPrLrL HEE "

[rxl 000

# Function Block Parameters: Hybrid Controller
state reference

Hybrid Controller

T—
> Parameters

Control of hybrid systems based on MIP (mask) (link)
Controller

c

MLD model
s

4

o Average CPU time to solve MILP: =~ 1 ms/step
(Macbook Pro 3GHz Intel Core i7 using GLPK)
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MIXED-INTEGER PROGRAMMING SOLVERS

e Binary constraints make Mixed-Integer Programming (MIP) a hard problem
(N'P-complete)

e However, excellent general purpose branch & bound / branch & cut solvers
available for MILP and MIQP (CPLEX, GLPK, Xpress-MP, CBC, Gurobi, ...)

(more solvers/benchmarks: see http://plato.la.asu.edu/bench.html)

e MIQP approaches tailored to embedded hybrid MPC applications:
- B&B + (dual) active set methods for QP

B&B + interior point methods:
- B&B + fast gradient projection:
B&B + ADMM:

¢ No need to reach global optimum (see convergence proof), although
performance may deteriorate
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SOLVING MIQP VIA NNLS AND PROXIMAL-POINT ITERATIONS

e Robustified approach: use NNLS + proximal-point iterations to solve QP
relaxations

e = argmin, 2Qz 4 2+ 5] - a
st. L<Az<u
Gz=g

e CPU time (ms) on MIQP coming from hybrid MPC (bm99 demo):

For N = 10: N prox-NNLS prox-NNLS* GUROBI CPLEX
30real vars

. avg max avg max avg max avg max
10 binary vars 2 20 26 20 26 16 20 31 60
160 inequalities 4 5.3 88 31 69 31 39 89 15.7
8 29.7 71.0 8.1 434 7.2 132 155 80.2
prox-NNLS* = warm 10 76.2 1461 144 1032 111 176 351 95.3
start of binary vars 12 1558 4108 269 2634 149 312 617 1037

exploited 15 4842 12423 617 7669 259 1098 899 1811

CPU time measured on Intel Core i7-4700MQ CPU 2.40 GHz

©2019 A. Bemporad - MPC Workshop - (DC'19 44/81



FAST GRADIENT PROJECTION FOR MIQP

e Consider again the MIQP problem with HessianQ = Q' = 0

ko .k k_ k=1
min V(z)é%z/Qz+c'Z Wb =y Byt -y
? k k
= —Kuwt-J
st. £<Az<u z w z
k k
Gr=g s* = 1GZ*— L(W + Sz)
_ _ E+1 k| ok
AiZE{gi,ﬁi},izl,.“,p Y - max{w t+s 70}

e Use B&B and fast gradient projection to solve dual of QP relaxation

constraint is relaxed Aiz <u; — yf+1 = max {yf + sf, 0} (yl > 0)
constraint is fixed Az =1; — yf+1 = yf + sf (yis0)
comstraint is ignored Az = lz — yf“—l =0 (y; =0)
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FAST GRADIENT PROJECTION FOR MIQP

Same dual QP matrices at each node, preconditioning computed only once

Warme-start exploited, dual cost used to stop QP relaxations earlier

Criterion based on Farkas lemma to detect QP infeasibility

Numerical results (time in ms):

n_ m  p miqpGPAD  GUROBI
10 100 2 15.6 6.56
50 25 5 3.44 8.74
50 150 10 63.22 4625

100 50 2 6.22 26.24

100 200 15
150 100 5
150 200 20
200 50 15

164.06 188.42
31.26 88.13
258.80 274.06
35.08 144.38

o U L L1 W N

CPU time measured on Intel Core i7-4700MQ CPU 2.40 GHz

46/81
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HEURISTIC ADMM METHOD FOR (SUBOPTIMAL) MIQP

e Consider again MIQP problem
min  $2'Qx +q'w
st. <Az <u
Az € {&-.,ui}, el

¢ ADMM iterations:

= —(Q+pATA) T (AT (W - ) +q)
quantization step P - min{maX{Akarl + yk £}, u}
e 6ot < %
' wp if 2T > Gdu e
e

e [terations converge to a (local) solution
e Similar idea also applicable to fast gradient methods
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EXPLICIT HYBRID MPC

e ltis possible to write hybrid MPC laws in explicit form too !

e The explicit MPC law is still piecewise affine on polyhedra

Polyhedal partiion - 12 regions

8 & &5 8 8

Temperature sst point

8o

2
Temperature T, 2 Temperature T,

e The control law may be discontinuous, polyhedra may overlap

e Comparison of quadratic costs can be avoided by lifting the parameter space
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STOCHASTIC MODEL PREDICTIVE CONTROL



OPTIMIZE DECISIONS UNDER UNCERTAINTY

¢ In many control problems decisions must be taken under uncertainty

=————y
| [eEEEENZd
s e |

K
\

renewable power

prices

water human (inter)action

¢ Robust control approaches do not model uncertainty (only assume
that is bounded) and pessimistically consider the worst case

¢ Stochastic models provide instead additional information about
uncertainty

* Optimality often sought (ex: minimize expected economic cost)
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STOCHASTIC MODEL PREDICTIVE CONTROL (SMPC)

stochasticity
model-based  w(t)
optimizer process

reference

r(t)

input
—_—
u(t)

measurements |

Use a stochastic dynamical model of the process to predict its
possible future evolutions and choose the “best” control action
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STOCHASTIC MODEL PREDICTIVE CONTROL

¢ At time ¢: solve a stochastic optimal control problem over a finite future
horizon of N steps:

N—
min Ey

1
L(Yg, g, W)
k=0

sit. wpp1 = Alwp)zy + B(wg)uyg + f(wy)
yp = C(wp)zy, + D(wp)uy, + g(wy,) z
Umin < U < Umax
Ymin < Yk < ymax,@ robuskness

. :@ feedback

= process state
u(t) = manipulated vars
y(t) = controlled output

w(t) = stochastic disturbances

¢ Solve stochastic optimal control prgblem w.r.t. future input sequence
* Apply the first optimal move u(t)=uo", throw the rest of the sequence away

e At time t41: Get new measurements, repeat the optimization. And so on ...
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LINEAR STOCHASTIC MODEL W/ DISCRETE DISTURBANCE

e Linear stochastic prediction model

Ty = A(wp)rr + Blwr)ug + f(wy)
y = C(wg)wr + g(wy)

e Discrete disturbance
wy, € {w', ... w'}

S
with discrete probabilities p; = Pr [wy, = w],p; >0, "p; =1
=1

e (A, B, () can be sparse matrices (ex: network of interacting subsystems), while
often w;, is low-dimensional (ex: electricity price, weather, etc.)
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LINEAR STOCHASTIC MODEL W/ DISCRETE DISTURBANCE

e Probabilities p; can be time varying, p;(t), and have their own dynamics

Example: Markov chain
min =Prlz(t+1) =2z, | 2(t) = z], ;,h=1,..., M -
€1; if z(t) =21 2
cofjc
enj if z(t) =z eh

¢ Discrete distributions can be estimated from historical data
(and adapted on-line)
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COST FUNCTIONS FOR SMPC TO MINIMIZE

¢ Expected performance

N-1 5
min 3° Eu (e —74)?]
k=0
|t t+1 t+N

¢ Tradeoff between expectation & risk

N-1
min Y (Bu [yx — 7)) + aVary [y — i a>0
k=0

¢ Note that they coincide for a=1, since
Vary [yx — k] = Buw [(ye — m)?] — (Bw [ye — ])?
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COST FUNCTIONS FOR SMPC TO MINIMIZE

« Conditional Value-at-Risk (CVaR) (Rockafellar, Uryasev, 2000)

p(w) ok } things go wrong
) N-1 1 ly-rza
min E ay + —— Ey[max{|yx — rr| — ag, 0}] 3
u,o 1— 5
k=0
B=05%  \J. 5%
| !
= minimize expected Loss when things go wrong (convex !) \/ali-; !
= expected shortfall
eMin-max = minimize worst case Ferfcrw\ance risk
exp
N-1
. CVaR
min E max |yx — Tk
N o w min max
! average Lés
A. Bemporad - MPC Workshop - CDC'19
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STOCHASTIC OPTIMAL CONTROL PROBLEM

Enumerate all possible scenarios {w{, w,...,wy_,},i=1,...,8

Scenario = path on the tree

Number S of scenarios = number of leaf nodes

-1
Each scenario has probability p; = H Prlw;, = w]
k=0
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STOCHASTIC OPTIMAL CONTROL PROBLEM

o o o L i ot} 21
e Each scenario has its own evolution SCE“QQ)#;) ; ”Evj o
()K et
z0 = a(t ;
xk+1 = A(wk)xk + B(w )uk + flw ) YN T S
(=linear time-varying system) k=0 k=1 k=N
e Expectations become simple sums!
Example:
N-1
min B, |2y Pry + E 25, Quy, + up, Ruy
k=0
s N—1
min E ' W) Py + E Q] + (ul) Rul
j=1 k=0

Expectations of quadratic costs remain quadratic costs
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STOCHASTIC OPTIMAL CONTROL PROBLEM

e CVaR optimization (Rockafellar, Uryasev, 2000)

min Zak-i- Ew [max {|yx — 7| — o, 0}]
N-1 108 '
minu,z,a ay + ﬂ Zplzi
k= . o=t
s.t. Z >yl — T — o

CVaR optimization becomes a linear programming problem

2019 A. Bemporad - MPC Workshop - CDC'19 58/81



SCENARIO TREE GENERATION FROM DATA

¢ Scenario trees can be generated by clustering sample paths

¢ Paths can be obtained by Monte Carlo simulation of (estimated) models,
or from historical data

¢ The number of nodes can be decided a priori

Heuristic
Multilevel
Clustering

—

(Heitsch, Rmisch, 2009)

scenario “fan” (collection of sample paths) scenario tree

* Alternative (simpler/less accurate) approach: k-means clustering
59/81
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FREE CONTROL VARIABLES

Stochastic optimal control

Causality constraint: ui =)' when scenarios j
and h share the same node at prediction time &
(for example: u) = u at root node k=0)

Decision ux only depends on past disturbance realizations {wg, w1,

s wpo1}
Deterministic control
1 Only a sequence of disturbances is considered
z0 = a:(t““o 0 oL wN-1 oz
0 + @ * N
5 o frozen-time: wy, = w(t), Vk (causal prediction)
eprescient control:  wy, = w(t + k) (non-causal)
k=0 k=1 k=N

* certainty equivalence: wy, = E[w(t + k)|¢] (causal)

We can trade off between complexity of optimization problem
(=number of nodes) and performance (=accuracy of stochastic modeling)

9 A. Bemporad - MPC\
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OPEN-LOOP VS CLOSED-LOOP PREDICTION

P
closed-loop prediction

A proper move u is optimized to counteract each
possible outcome of the disturbance w

% ) open-loop prediction

ug ~°—> Only a sequence of inputs {ug,u1,...,un_1}
0 =2()¢ / . . e
oo : 1 i b is optimized, the same u must be good for all
: ° T~ S possible disturbance w
i zN
\_ k=0 k=1 k=N )

e Intuitively: OL prediction is more conservative than CL in handling constraints

e OL problem = CL problem + additional constraints v/ =u, Vj =1,...,9
(=less degrees of freedom)

61/81
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LINEAR STOCHASTIC MPC FORMULATION

e Arich literature on stochastic MPC is available

See also recent survey
e Performance index: min F,, [a:QVPxN + 0 Qg + ), Ruy,
¢ Goal: ensure mean-square convergence tlirgo ElZ'®)z#)] =0 (f(w(t)) =0)
¢ Mean-square stability ensured by stochastic Lyapunov function V (z) = 2’ Pz

P=P >0

By [V(x(t+1)]-V(x(t) < —a'(t)La(t), ¥t > 0 L_I's0

©2019 A. Bemporad - MPC Workshop - CDC'19 62/81



STABILIZING STOCHASTIC MPC

e Impose stochastic stability constraint in SMPC problem
(=quadratic constraint w.r.t. uo)

(Bernardini, Bemporad, 2012)

N1 /-—-‘-\
mlzn Ago E(J}k, uk) L /er/'ofmdnde and
s.t. Tpt1 = A(wk)xk + B(wk)uk 5f“5’/‘z‘>/ are a/edoa//ec/
E[V(A(wo)wo + B(wo)ug)] < 2p(Q ! — L)zg &—"
zo = z(t)
¢ SMPC approach:

1. Solve LMI problem off-line to find stochastic Lyapunov fcn V(z) = 2/Q !
2. Optimize stochastic performance based on scenario tree

Theorem: The closed-loop system is as. stable in the mean-square sense

* SMPC can be generalized to handle input and state constraints

Note: recursive feasibility guaranteed by backup solution u(k) = Kxz(k)
©2019 A. Bemporad - M 19
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COMPLEXITY OF STOCHASTIC OPTIMIZATION PROBLEM

* #optimization variables = #nodes x #inputs (in condensed version)
* Problems are very sparse (well exploited by interior point methods)

e Example: SMPC with quadratic cost and linear constraints

7
00

%} 435x435 Hessian matrix N

/o//'/o’/;o
-

0% sparsity = 0.8%

Tree=87 nodes
3240x435 constraint matrix

Branching factor M=[6 3 2 2 2] 435 free variables (5 inputs x node) sparsity = 1.1%
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DISTRIBUTED GPAD FOR STOCHASTIC MPC

¢ A distributed (parallelized) variant of the Accelerated Gradient Projection
applied to Dual (GPAD) for solving SMPC problems is available
(Sampathirao, Sopasakis, Bemporad, 2014)

Example: stochastic MPC with 60 states, 25 inputs, 256 scenarios

10°

Y400 sec
~¥O sec
10°
~¥O sec

V28 sec 16x + 4ox faster
than commercial
state~of-the-art
Interior-Point method

Computational time [s]
3
iy

[ o GF‘AD:Fg =0.005
GPAD:sg =0.01

—6— Gurobi (IP)

10 20 30 70 80 90

40 50
N: Prediction horizon

Remark: For larger problems (e.g., 50 states, 30 inputs, 9036 nodes)
GUROBI gets stuck on a 4GB 4-core PC, while dGPAD can solve the problem
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DISTRIBUTED GPAD FOR STOCHASTIC MPC

(Sampathirao, Sopasakis, Bemporad, 2015)

CPU time (s)
o ‘ —
200
180 —— Gurobi 1
160 —3— CUDA-APG (500 iter) -
140 CUDA-APG (300 iter) |

100 120 140 160 180 200 220 240 260 280 300
# scenarios

APG = Accelerated Proximal Gradient, parallel implemented
on NVIDIA Tesla 2075 CUDA platform
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SMPC FOR REAL-TIME MARKET-BASED POWER DISPATCH

(Patrinos, Trimboli, Bemporad, 2011)

* We are a legal entity (BRP) trading on the energy (PX) and ancillary
service (AS) markets

¢ Objective: Minimize costs via efficient use of intermittent resources,

and maximize profits by trading on electricity (PX, AS) markets

* Constraints: Grid capacity, rate limits, load balancing, AS balancing
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POWER DISPATCH MODEL

(Patrinos, Trimboli, Bemporad, 2011)

¢ Microgrid with three conventional power generators (P1,P2,P3), two
renewables (R1,R2), one storage system (S1), satisfying local load and
exchanging power with the grid

coal |

Rz

S1
hydro-storage

l photovoltaic

R
wind farm natural gas P
ENABLING THE FUTURE ENERGY SYSTEM http: //www. e-price-project. eu/ WSGFRRM»%ORK
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POWER DISPATCH MODEL

 Conventional generator model (i=1,2,3)

power generated

abk next time unit
T3P t1 =P+ AP

constraints on generated power:

APi,min < APi,k < APz‘,max

Pz‘,min < Pi,k < Pi,max

constraints on power variation:

e Storage model

1
Sp41 = aSk + e — —ug
a = self discharge loss Qg

ac = charge efficiency

aq =discharge efficiency

constraints on charge/discharge:
constraints on charge/discharge rate:

constraints on power flows:
©2019 A. Bemporad - MPC Workshop - CDC'19

Smin < Sk < Smax
Agmin < Sp+1— Sk < Agmax
0 < uck < uemax, 0 < ug g < Udmax
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POWER DISPATCH MODEL

* Power exchanged with the rest of the grid (=balance)
r-1 is STOCHASTIC !

Pexk—P1k+P2k+P3k—uck+udk+(Tk—lk)

"I
/ ; LOQd
conventional renewable power

FONEY

storage charge/
discharge

. . 1000 1000 0 O]
e Overall linear model and constraints 0100 o100 0 0o
=l0010/ BTloo10 0 o

1
Pex 000 a 000 a —5 0
P Py
) Py 000 -1 1 1
=P V=l ops Lo e o 0000 0 O
0000 0 O
s 5 c=l010 0 | D=|gdo00 0 0 o
as 001 © 0000 0 O
000 a-1 00 0 R
uncontrolled thput e —ag Y]

19 A. Bemporad - MPC Workshop - CDC'19
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POWER DISPATCH COST FUNCTION

e Cost function: terms to penalize electricity price on
RT market (STOCHASTIC)

N-1
f 2 . \L
min (aiPi,k'i‘biPi,k"‘Ci) pkzpex,k
k=0
o / !
penalty on deviation production cost from price to pay to get
from E-program conventional Ptavxhs power from RT market

Ey = 0, v = 0if no E-Program is agreed on the day-ahead market

* The overall linear MPC problem maps into a QP:

1 zo g = current state
min Ez’Hz + (F [TEl] + C> z+d r — 1 = predicted renewable power - load
E = E-program

N-1

X
st. Gz<W+8 [T-Ol]
E z= {Api,k’uc,k’ud,k}kzo
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SMPC FOR MARKET-BASED OPTIMAL POWER DISPATCH

* Historical data of load (MW)

3000 T T T load 1MW)'

2500 -

load = 1/3 load of N.Y.C. district
(daily data of 1-31 May 2014,
sampling time = 5 min)

1000 . . . . . . .
0 200 400 600 800 1000 1200 1400
time (min)

http://www.nyiso.com/public/markets_operations/market data/load data/index.jsp

* Historical data of price (MW)

400 ; ; ‘pvlce1$/MW‘h) ; . .
300 | ‘ 4 il
electricity price of N.Y.C. district ;or MJ‘ [l t ﬁ”w ‘ K L
(daily data of 1-31 May 2014, B g e AR e
|
sampling time = 5 min) ol

00 800
time (min)

http://www.nyiso.com/public/markets_operations/market data/pricing data/index.jsp
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SMPC FOR MARKET-BASED OPTIMAL POWER DISPATCH

* Historical data of wind speed (m/s)

wind power (MW)

Station BGNN4 (NY)
(daily data of 1-31 May 2014,
sampling time = 6 min)

time (min)
wind power proportional

to cubic wind veLoc’LEj

http://www.ndbc.noaa.gov/station history.php?station=bgnn4

* Historical data of solar irradiation (W/mz2)

Solar power (MW)
o

NY Central Park, daily data of SRR
1-31 May 1991-2005, sampling time =1h

Data perturbed by noise to mimic
account cloud coefficient (unavailable) 0 50 1000 1600

time (min)

http://en.openei.org/datasets/files/39/pub/725033.tar.qgz

k
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SMPC FOR MARKET-BASED OPTIMAL POWER DISPATCH

e Historical data of overall uncertainty

price ($/MWh)

L L L L L L L
200 400 600 800 1000 1200 1400

time (min)
load minus renewable power (M
3000 T T T p (, W)
2000 [
PRy oo .
1000 /
(MM}
0
1000 . . . . . . .
0 200 400 600 800 1000 1200 1400
time (min)
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SMPC FOR MARKET-BASED OPTIMAL POWER DISPATCH

* Data used for scenario generation (31 days):

nitial value  price
value at ob time Ein ($/MWh) °
time b+ie in scenario #j '

scenario #j /

\

’LU] (t + kf) = ’l)‘](t + k) — U] (t) + ’U(t) 10000 To00 1200 1400 1600 1800 2000 2200 2400
A A load-renewable (MW)

w!(t) = v(t) / Heuristic
stochastic actual Multilevel
vector oh value ot Clustering

time b e

scenario #j

5ae
¢ Tree obtained from 31 scenarios ©C @ @
(branching factor M=[2 22 11]) O @ e
28 nodes
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SMPC FOR MARKET-BASED OPTIMAL POWER DISPATCH

¢ MPC setup:
- Sampling time: Ts=5 min
— Prediction horizon: N=6 steps (=1/2 hour ahead)
— Three controller options:
e Stochastic MPC, with branching factor M (ex: M=[4 3 221])

¢ Average MPC, that is deterministic MPC based on the expected
(price, load-renewable) realization

* Prescient MPC, that is deterministic MPC based on the exact future
(price, load-renewable) realization

©2019 A. Bemporad - MPC Workshop - CDC'19 76/81



SMPC FOR MARKET-BASED OPTIMAL POWER DISPATCH

* Simulation results using SMPC, M=[2,2,2,1,1] (1 day, May 26, 2014)

_goower exchanged with the real-time market g0, State of charge of energy storage a0, Conventional power generation
.
B
£ z
g B £ 400
-1600 4
w
. il
« 0 I |
hours hours hours
total cost = 1,266,099 USD
1 Energy price L a0t otal cost per period 1300 _Produckion from renewables - load
1?2 -1400
"
"
.
‘
H
2
0
0
.

C

0 15
hours

0 15
hours
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SMPC FOR MARKET-BASED OPTIMAL POWER DISPATCH

e Compare simulation results wrt different tree complexity, prescient, and
deterministic (1 day, May 26, 2014)

exact knowledge stochastic formulation
of future u‘ncer&o\im'&v

Prescient: Total cost= 1,247,90 SD], nvar= 30, CPUTIME = 14 [ms]
Stochastic: Total cost= , ,099 [USD], M=[2,2,2,1,1], nvar= 105, CPUTIME = 43 [ms]
Stochastic: Total cost= B 7123 [UsD], M=[3,3,1,1,1], nvar= 140, CPUTIME = 50 [ms]
Stochastic: Total cost= 1,266,214 [USD], M=[2,2,1,1,1], nvar= 95, CPUTIME = 30 [ms]
Stochastic: Total cost= 1,266,701 [usD], M=[3,1,1,1,1], nvar= 80, CPUTIME = 27 [ms]
Stochastic: Total cost= )69 [USD], M=[2,1,1,1,1], nvar= 55, CPUTIME = 22 [ms]
Average: Total cost= 1,267,11) [UusD], M=[1,1,1,1,1] nvar= 30, CPUTIME = 14 [ms]
Frozen-time: Total cost: . ,40) [USD], nvar= 30, CPUTIME = 14 [ms]

\

deterministic: assume \

future disturbance =
average of historical

data

debterministic: assume
future disturbance =
current disturbance

nvar = number of variables in QP problem = 5*(# nodes), CPUTIME = time to build tree,build QP matrices, and solve
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SMPC FOR MARKET-BASED OPTIMAL POWER DISPATCH

* Tracking an E-Program

SMPC with branching g

7:103

factor M=[22211]

Revenues from day-
ahead market are not

counted

@110
©LTIA

Power exchanged with the real-time market

N-1
min Y~ y(Pock — E)? + (@iP2 + biPik 4 ) — pil Pex — Fx]
k=0

State of gharge of energy storage

power generation

~1000 s 700
o
wo
«
E
Sss Z 400
50 300
w
wo
w
total cost = 574,388 USD
Ener i Total T peric Pre tion from renewables - I
“ ergy price 4500 otal cost per period 1300 _Production from renewables - load
w
.
.. w0
s, 2 Z 1700
a =] =
o2
0
0
w0
a 500 ~2000
. ; 00
hours hours hours
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S

¢ Change storage type:

Smin S Sk S Smax

Power exchanged with the real-time market

State of charge of energy storage

MPC FOR MARKET-BASED OPTIMAL POWER DISPATCH

Agmin < Sk4+1 — Sk < Ag max

power generation

Smin = 30 150 MWh 4100 . w00
Smax = 80
AS min — _w 240 = 1300 g™ 200
) = z H
Agmax =1 °
,max 1400 300
MWh/PTU ©
-1600 o 100
0 zu 0
5 o W e %
hours hours hours
total cost = 563,283 USD
» Energy price 4500 Total cost per period 1300 Production from renwables - load
10 3500 1500
8 3000
c6 -1600
H 2500
E] 8 £ .10
Revenues from day- g, 3 om0 =
ahead market are not o
2 1000 1900
counted . .
'50 10 15 O(l 5 10 15 20 —zman 5 10 0 25
hours hours hours

©2019 A. Bemporad - MPC Workshop - CDC'19



WORKSHOP PROGRAM

> Reinforcement learning and MPC (AB+MZ)

Supplementary material:

http://cse.lab.imtlucca.it/~bemporad/mpc_course.html

https://mariozanon.wordpress.com/teaching/
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