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Hybrid Models



Hybrid dynamical systems
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system

x`(k)

u`(k)

hybrid
dynamical
system

• Variables are binary-valued

xℓ ∈ {0, 1}nℓ , uℓ ∈ {0, 1}mℓ

• Dynamics = finite statemachine

• Logic constraints

• Variables are real-valued

xc ∈ Rnc , uc ∈ Rmc

• Difference/differential equations

• Linear inequality constraints

©2019 A. Bemporad - MPC Workshop - CDC'19 3/81



Piecewise affine systems

x(k + 1) = Ai(k)x(k) +Bi(k)u(k) + fi(k)
y(k) = Ci(k)x(k) +Di(k)u(k) + gi(k)

i(k) s.t. Hi(k)x(k) + Ji(k)u(k) ≤ Ki(k)

• PWA systems can approximate nonlinear dynamics arbitrarily well

(even discontinuous ones)

x(k+1)

x(k)
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Discrete Hybrid Automaton (DHA)
(Torrisi, Bemporad, 2004)

Event Generator

Finite State Machine

Mode Selector

Switched Affine System

mode

discrete
time
counter

continuous

discrete

xℓ ∈ {0, 1}nℓ = binary state

uℓ ∈ {0, 1}mℓ = binary input

δe ∈ {0, 1}ne = event variable

xc ∈ Rnc = real-valued state

uc ∈ Rmc = real-valued input

i ∈ {1, . . . , s} = currentmode
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Switched affine system

continuous

discrete

• The affine dynamics depend on the current mode i(k):

xc(k + 1) = Ai(k)xc(k) +Bi(k)uc(k) + fi(k)

xc ∈ Rnc , uc ∈ Rmc
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Event generator

continuous

discrete

• Event variables are generated by linear threshold conditions over continuous

states, continuous inputs, and time:

[δie(k) = 1]↔ [Hixc(k) +Kiuc(k) ≤W i] xc ∈ Rnc , uc ∈ Rmc

δe ∈ {0, 1}ne

• Example: [δe(k) = 1]↔ [xc(k) ≥ 0]
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Finite state machine

continuous

discrete

• The binary state of the finite statemachine evolves according to a Boolean

state update function fB : {0, 1}nℓ+mℓ+ne → {0, 1}nℓ :

xℓ(k + 1) = fB(xℓ(k), uℓ(k), δe(k)) xℓ ∈ {0, 1}nℓ , uℓ ∈ {0, 1}mℓ

δe ∈ {0, 1}ne

• Example: xℓ(k + 1) = ¬δe(k) ∨ (xℓ(k) ∧ uℓ(k))
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Mode selector

continuous

discrete

Themode selector canbe seen

as the output function of the

discrete dynamics

• The activemode i(k) is selected by a Boolean function of the current binary

states, binary inputs, and event variables:

i(k) = fM (xℓ(k), uℓ(k), δe(k)) xℓ ∈ {0, 1}nℓ , uℓ ∈ {0, 1}mℓ

δe ∈ {0, 1}ne

• Example:

i(k) =
[
¬uℓ(k)∨xℓ(k)
uℓ(k)∧xℓ(k)

] uℓ/xℓ 0 1

0 i =
[
1
0

]
i =

[
1
0

]
1 i =

[
0
0

]
i =

[
1
1

] the system has 3modes

©2019 A. Bemporad - MPC Workshop - CDC'19 9/81



Conversion of logic formulas to linear inequalities
(Glover, 1975) (Williams, 1977) (Hooker, 2000)

• Key observation:X1 ∨X2 = true δ1 + δ2 ≥ 1, δ1, δ2 ∈ {0, 1}
• Wewant to impose the Boolean statement

F (X1, . . . , Xn) = true

• Convert the formula toConjunctive Normal Form (CNF)

m∧
j=1

∨
i∈Pj

Xi

∨
i∈Nj

X̄i

 = true, Pj ∪Nj ⊆ {1, . . . , n}

• Transform the CNF into the equivalent linear inequalities
∑

i∈P1
δi +

∑
i∈N1

(1− δi) ≥ 1
...

...∑
i∈Pm

δi +
∑

i∈Nm
(1− δi) ≥ 1

Aδ ≤ b, δ ∈ {0, 1}n

polyhedron

Any logic proposition can be translated into integer linear inequalities
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Big-M technique (iff)

• Consider the if-and-only-if condition

[δ = 1]↔ [a′xc−b ≤ 0]
xc ∈ X
δ ∈ {0, 1}

• AssumeX ⊂ Rnc bounded. LetM andm such that ∀xc ∈ X

M > a′xc − b

m < a′xc − b

• The if-and-only-if condition is equivalent to{
a′xc − b ≤ M(1− δ)

a′xc − b > mδ

• We can replace the second constraint with a′xc − b ≥ ϵ+ (m− ϵ)δ to avoid

strict inequalities, where ϵ > 0 is a small number (e.g., themachine precision)
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Big-M technique (if-then-else)

• Consider the if-then-else condition

z =

{
a′1xc − b1 if δ = 1

a′2xc − b2 otherwise

xc ∈ X
δ ∈ {0, 1}
z ∈ R

• AssumeX ⊂ Rnc bounded. LetM1,M2 andm1,m2 such that ∀xc ∈ X

M1 > a′1xc − b1 > m1

M2 > a′2xc − b2 > m2

• The if-then-else condition is equivalent to
(m1 −M2)(1− δ) + z ≤ a′1xc − b1
(m2 −M1)(1− δ)− z ≤ −(a′1xc − b1)

(m2 −M1)δ + z ≤ a′2xc − b2
(m1 −M2)δ − z ≤ −(a′2xc − b2)
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Switched 
Affine System

1

2

s

Switched affine system
• The state-update equation of a SAS can be rewritten as

xc(k+1) =

s∑
i=1

zi(k) zi(k) ∈ Rnc

with

z1(k) =

{
A1xc(k) +B1uc(k) + f1 if δ1(k) = 1

0 otherwise

...

zs(k) =

{
Asxc(k) +Bsuc(k) + fs if δs(k) = 1

0 otherwise

andwith δi(k) ∈ {0, 1} subject to the exclusive or condition
s∑

i=1

δi(k) = 1 or equivalently

{ ∑s
i=1 δi(k) ≥ 1∑s
i=1 δi(k) ≤ 1

• Output eqs yc(k) = Cixc(k) +Diuc(k) + gi admit similar transformation
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Transformation of a DHA into linear (in)equalities

Finite State 
Machine

Mode Selector

Switched 
Affine System

1

2

s

Event 
Generator

©2019 A. Bemporad - MPC Workshop - CDC'19 14/81



Mixed Logical Dynamical (MLD) systems
(Bemporad,Morari, 1999)

• By converting logic relations intomixed-integer linear inequalities

a DHA can be rewritten as theMixed Logical Dynamical (MLD) system

Event Generator

Finite State Machine

Mode Selector

Switched Affine System

mode

discrete
time
counter

continuous

discrete 
x(k + 1) = Ax(k) +B1u(k) +B2δ(k) +B3z(k) +B5

y(k) = Cx(k) +D1u(k) +D2δ(k) +D3z(k) +D5

E2δ(k) + E3z(k) ≤ E4x(k) + E1u(k) + E5

x ∈ Rnc × {0, 1}nb , u ∈ Rmc × {0, 1}mb

y ∈ Rpc × {0, 1}pb , δ ∈ {0, 1}rb , z ∈ Rrc

• The translation fromDHA toMLD can be automatized, see e.g. the language

HYSDEL (HYbrid SystemsDEscription Language) (Torrisi, Bemporad, 2004)

• MLDmodels allow solvingMPC, verification, state estimation, and fault

detection problems viamixed-integer programming
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DHA and HYSDEL models
SYSTEM name {

INTERFACE {

STATE {

REAL xc [xmin,xmax]; 

BOOL xl; }

INPUT {

REAL uc [umin,umax]; 

BOOL ul; }

PARAMETER {

REAL param1 = 1;}

} /* end of interface */

IMPLEMENTATION {

AUX { BOOL d; 

REAL z; }

AUTOMATA { xl = xl & ~ul; }

AD { d = xc - 1 <= 0; }

DA { z = { IF d THEN 2*xc ELSE -xc };  }

CONTINUOUS {

xc = z; }

MUST {

xc + uc <= 2;

~(xl & ul); }

} /* end implementation */

} /* end system */

Additional relations
constraining system’s
variables
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Equivalence of hybrid models

• MLD and PWA systems are equivalent (Bemporad, Ferrari-Trecate, Morari, 2000)

Proof: For a given combination (xℓ, uℓ, δ) of anMLDmodel, the state and

output equation are linear and valid in a polyhedron.

Conversely, a PWA system can bemodeled asMLD system (see next slide)

• Efficient conversion algorithms fromMLD to PWA form exist

(Bemporad, 2004) (Geyer, Torrisi, Morari, 2003)

• Further equivalences exist with other classes of hybrid dynamical systems, such

as Linear Complementarity (LC) systems (Heemels, De Schutter, Bemporad, 2001)
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Bouncing ball - PWA equivalent
>> P=pwa(S);
>> plot(P)

>> [X,T,I]=sim(P,x0,U);
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Example: room temperature control

Tamb

heating

air conditioning

uhot
ucold

T1 T2

discrete dynamics

• #1 = cold→ heater = on

• #2 = cold→ heater = on unless #1 hot

• A/C activation has similar rules

continuous dynamics

dTi

dt
= −αi(Ti−Tamb)+ki(uhot−ucold)

i = 1, 2

go to demo demos/hybrid/heatcool.m
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Example: room temperature control

>> S=mld('heatcoolmodel',Ts);

>> [XX,TT]=sim(S,x0,U);

get theMLDmodel inMATLAB

simulate theMLDmodel
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Example: room temperature control

• MLDmodel of the room temperature system
x(k + 1) = Ax(k) +B1u(k) +B2δ(k) +B3z(k) +B5

y(k) = Cx(k) +D1u(k) +D2δ(k) +D3z(k) +D5

E2δ(k) + E3z(k) ≤ E4x(k) + E1u(k) + E5

– 2 continuous states (temperature T1, T2)

– 1 continuous input (room temperature Tamb)

– 2 auxiliary continuous vars ( power flows uhot, ucold)

– 6 auxiliary binary vars ( 4 threshold events + 2 for theOR condition)

– 20mixed-integer inequalities

• In principle we have 26 = 64 possible combinations of integer variables
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Example: room temperature control
• PWAmodel of the room temperature system

x(k + 1) = Ai(k)x(k) +Bi(k)u(k) + fi(k)
y(k) = Ci(k)x(k) +Di(k)u(k) + gi(k)

i(k) s.t. Hi(k)x(k) + Ji(k)u(k) ≤ Ki(k)

>> P=pwa(S);

both offheater on A/C on

5 polyhedral regions

(partition does not depend on input)

2 continuous states (T1, T2)

1 continuous input (Tamb)
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Example: room temperature control

• MLD and PWAmodels are equivalent, hence simulated states are the same
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Modeling hysteresis

xcxmaxxmin

x`=1

x`=0

• Hysteresis between xmin ≤ xc(k) ≤ xmax

• Introduce two binary variables

[δmin(k) = 1] ↔ [xc(k) ≤ xmin]

[δmax(k) = 1] ↔ [xc(k) ≥ xmax]

• Introduce logic state xℓ ∈ {0, 1}with dynamics

xℓ(k + 1) = (xℓ(k) ∧ ¬δmin(k)) ∨ (¬xℓ(k) ∧ δmax(k))
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Choice constraints

• Logic constraint: make one ormore choices out of a set of alternatives:

– make atmost one choice: δ1 + δ2 + δ3 ≤ 1

– make at least two choices: δ1 + δ2 + δ3 ≥ 2

– exclusive or constraint: δ1 + δ2 + δ3 = 1

• More generally:

N∑
i=1

δi ≤ m choose atmostm items out ofN

N∑
i=1

δi = m choose exactlym items out ofN

N∑
i=1

δi ≥ m choose at leastm items out ofN
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"No-good" constraints

• Given a binary vector δ̄ ∈ {0, 1}n wewant to impose the constraint

δ ̸= δ̄

• This may be useful for example to extract different solutions from anMIP that

hasmultiple optima

• The ”no-good” condition can be expressed equivalently as

∑
i∈T

δi −
∑
i∈F

δi ≤ −1 +
n∑

i=1

δ̄i
F = {i : δ̄i = 0}
T = {i : δ̄i = 1}

or
n∑

i=1

(2δ̄i − 1)δi ≤
n∑

i=1

δ̄i − 1
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uk

0

zk
2

δk=1δk=0

Asymmetric weights
• Asymmetric weight: only weight a variable uk if uk ≥ 0

• We can introduce a binary variable [δk = 1]↔ [uk ≥ 0] and

zk = max{uk, 0} =

{
uk if δk = 1

0 otherwise

thenweight zk instead of uk

• Better solution: only introduce auxiliary variable zk and optimize

min (. . .) +

N−1∑
k=0

z2k

s.t. zk ≥ uk

zk ≥ 0

• Similar approachwhen ∥ · ∥∞ or ∥ · ∥1 are used as penalties

• Same trick applies to linearMPC
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General remarks about MIP modeling

• The complexity of solving amixed-integer program largely depends on the

number of integer (binary) variables involved in the problem

• Hence, when creating a hybridmodel one has to

Be thrifty with binary variables !

• Adding logical constraints usually helps

• Generally speaking

modeling is an art
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Identification of hybrid systems



y  ≃f(x)

x

PWA regression problem

• Problem: Given input/output pairs {x(k), y(k)}, k = 1, . . . , N and number s of

models, compute a piecewise affine (PWA) approximation y ≈ f(x)

f(x) =


F1x+ g1 ifH1x ≤ K1

...

Fsx+ gs ifHsx ≤ Ks

• Need to learn both the parameters {Fi, gi} of the affine submodels and the
partition {Hi, Ki} of the PWAmap from data (off-line learning)

• Possibly updatemodel and partition as new data

become available (on-line learning)
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Approaches to PWA identification

• Mixed-integer linear or quadratic programming (Roll, Bemporad, Ljung, 2004)

• Partition of infeasible set of inequalities (Bemporad, Garulli, Paoletti, Vicino, 2005)

• K-means clustering in a feature space (Ferrari-Trecate, Muselli, Liberati, Morari, 2003)

• Bayesian approach (Juloski,Wieland, Heemels, 2004)

• Kernel-based approaches (Pillonetto, 2016)

• Hyperplane clustering in data space (Münz, Krebs, 2002)

• Recursivemultiple least squares & PWL separation (Breschi, Piga, Bemporad, 2016)
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PWA regression algorithm
(Breschi, Piga, Bemporad, 2016)

1. Estimatemodels {Fi, gi} recursively. Let ei(k) = y(k)− Fix(k)− gi and only

updatemodel i(k) such that

i(k)← arg mini=1,...,s ei(k)
′Λ−1

e ei(k)︸ ︷︷ ︸
one-step prediction error
of model #i

+(x(k)− ci)
′
R−1

i (x(k)− ci)︸ ︷︷ ︸
proximity to centroid
of cluster #i

using recursive LS and inverseQR decomposition (Alexander, Ghirnikar, 1993)

This also splits the data points x(k) in clustersCi = {x(k) : i(k) = i}

2. Compute a polyhedral partition {Hi, Ki} of the
regressor space viamulti-category linear separation

ϕ(x) = max
i=1,...,s

{w′
ix− γi}
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PWA regression examples
(Breschi, Piga, Bemporad, 2016)

• Identification of piecewise-affine ARXmodel[
y1(k)
y2(k)

]
=

[
−0.83 0.20
0.30 −0.52

] [
y1(k−1)
y2(k−1)

]
+

[
−0.34 0.45
−0.30 0.24

] [
u1(k−1)
u2(k−1)

]
+

[
0.20
0.15

]
+max

{[
0.20 −0.90
0.10 −0.42

] [
y1(k−1)
y2(k−1)

]
+

[
0.42 0.20
0.50 0.64

] [ u1(k−1)
u2(k−1)

]
+

[
0.40
0.30

]
,
[
0
0

]}
+ eo(k),

• Quality of fit: best fit rate (BFR) =max
{
1− ∥yo,i−ŷi∥2

∥yo,i−ȳo,i∥2
, 0
}
, i = 1, 2

N = 4000 N = 20000 N = 100000

y1

(Off-line) RLP 96.0 % 96.5 % 99.0 %
(Off-line) RPSN 96.2 % 96.4 % 98.9 %
(On-line) ASGD 86.7% 95.0 % 96.7 %

y2

(Off-line) RLP 96.2 % 96.9 % 99.0 %
(Off-line) RPSN 96.3 % 96.8 % 99.0 %
(On-line) ASGD 87.4% 95.2 % 96.4 %

RLP = Robust linear programming

(Bennett, Mangasarian, 1994)

RPSN = Piecewise-smooth Newtonmethod

(Bemporad, Bernardini, Patrinos, 2015)

ASGD=Averaged stochastic gradient descent

(Bottou, 2012)

• CPU time for computing the partition:
N = 4000 N = 20000 N = 100000

(Off-line) RLP 0.308 s 3.227 s 112.435 s
(Off-line) RPSN 0.016 s 0.086 s 0.365 s
(On-line) ASGD 0.013 s 0.023 s 0.067 s
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PWA regression examples
(Breschi, Piga, Bemporad, 2016)

• Identification of linear parameter varying ARXmodel[
y1(k)
y2(k)

]
=

[
ā1,1(p(k)) ā1,2(p(k))

ā2,1(p(k)) ā2,2(p(k))

] [
y1(k−1)
y2(k−1)

]
+

[
b̄1,1(p(k)) b̄1,2(p(k))

b̄2,1(p(k)) b̄2,2(p(k))

] [
u1(k−1)
u2(k−1)

]
+ eo(k)

ā(p) = PWA function of p

b̄(p) has quadratic and sin terms

• Quality of fit (BFR):

y1 y2

PWA regression 87% 84%

parametric LPV∗ 80% 70%
∗ (Bamieh, Giarré, 2002)

• Validation data (open-loop):

time (samples)

110 120 130 140 150 160 170 180 190 200

y
o
,
ŷ

-0.2

0

0.2

0.4

0.6

0.8

©2019 A. Bemporad - MPC Workshop - CDC'19 33/81



Hybrid MPC



Hybrid Model Predictive Control


x(k + 1) = Ax(k) +B1u(k) +B2δ(k) +B3z(k) +B5

y(k) = Cx(k) +D1u(k) +D2δ(k) +D3z(k) +D5

E2δ(k) + E3z(k) ≤ E4x(k) + E1u(k) + E5

process

model-based 
optimizer

reference output

control
input

measurements

r(k) u(k) y(k)

Use a hybrid dynamical model of the process to predict its

future evolution and choose the “best” control action
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MIQP formulation of Hybrid MPC
(Bemporad,Morari, 1999)

• Finite-horizon optimal control problem (regulation)

min

N−1∑
k=0

y′kQyk + u′
kRuk

s.t.


xk+1 = Axk +B1uk +B2δk +B3zk +B5

yk = Cxk +D1uk +D2δk +D3zk +D5

E2δk + E3zk ≤ E4xk + E1uk + E5

x0 = x(t)

Q = Q′ ≻ 0,R = R′ ≻ 0

• Treat uk, δk, zk as free decision variables, k = 0, . . . , N − 1

• Predictions can be constructed exactly as in the linear case

xk = Akx0 +

k−1∑
j=0

Aj(B1uk−1−j +B2δk−1−j +B3zk−1−j +B5)
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MIQP formulation of Hybrid MPC
(Bemporad,Morari, 1999)

• After substituting xk , yk the resulting optimization problem becomes the

followingMixed-Integer Quadratic Programming (MIQP) problem

minξ
1
2ξ

′Hξ + x′(t)F ′ξ + 1
2x

′(t)Y x(t)

s.t. Gξ ≤W + Sx(t)

• The optimization vector ξ = [u0, . . . , uN−1, δ0, . . . , δN−1, z0, . . . , zN−1] has

mixed real and binary components

uk ∈ Rmc × {0, 1}mb

δk ∈ {0, 1}rb
zk ∈ Rrc

ξ ∈ RN(mc+rc) × {0, 1}N(mb+rb)
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Hybrid MPC for reference tracking
• Consider themore general set-point tracking problem

minξ

N−1∑
k=0

∥yk − r∥2Q + ∥uk − ur∥2R

+σ
(
∥xk − xr∥22 + ∥δk − δr∥22 + ∥zk − zr∥22

)
s.t. MLDmodel equations

x0 = x(t)

xN = xr

with σ > 0 and ∥v∥2Q = v′Qv

• The equilibrium (xr, ur, δr, zr) corresponding to r can be obtained by solving

the followingmixed-integer feasibility problem

xr = Axr +B1ur +B2δr +B3zr +B5

r = Cxr +D1ur +D2δr +D3zr +D5

E2δr + E3zr ≤ E4xr + E1ur + E5

©2019 A. Bemporad - MPC Workshop - CDC'19 37/81



Closed-loop convergence
(Bemporad,Morari, 1999)

• Theorem. Let (xr, ur, δr, zr) be the equilibrium corresponding to r.

Assume x(0) such that theMIQP problem is feasible at time t = 0.

Then ∀Q,R ≻ 0, σ > 0 the hybridMPC closed-loop converges asymptotically

lim
t→∞

y(t) = r

lim
t→∞

u(t) = ur

lim
t→∞

x(t) = xr

lim
t→∞

δ(t) = δr

lim
t→∞

z(t) = zr

and all constraints are fulfilled at each time t ≥ 0.

• The proof easily follows from standard Lyapunov arguments (see next slide)

• Lyapunov asymptotic stability and exponential stability follows if proper

terminal cost and constraints are imposed (Lazar, Heemels,Weiland, Bemporad, 2006)
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MILP formulation of Hybrid MPC
(Bemporad, Borrelli, Morari, 2000)

• Finite-horizon optimal control problem using infinity norms

minξ

N−1∑
k=0

∥Qyk∥∞ + ∥Ruk∥∞

s.t.


xk+1 = Axk +B1uk +B2δk +B3zk +B5

yk = Cxk +D1uk +D2δk +D3zk +D5

E2δk + E3zk ≤ E4xk + E1uk + E5

x0 = x(t)

Q ∈ Rmy×ny

R ∈ Rmu×nu

• Introduce additional variables ϵyk, ϵ
u
k , k = 0, . . . , N − 1{

ϵyk ≥ ∥Qyk∥∞
ϵuk ≥ ∥Ruk∥∞

{
ϵyk ≥ ±Qiyk
ϵuk ≥ ±Riuk

Qi = ith row of Q
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MILP formulation of Hybrid MPC
(Bemporad, Borrelli, Morari, 2000)

• After substituting xk , yk the resulting optimization problem becomes the

followingMixed-Integer Linear Programming (MILP) problem

minξ

N−1∑
k=0

ϵyk + ϵuk

s.t. Gξ ≤W + Sx(t)

• ξ = [u0, . . . , uN−1, δ0, . . . , δN−1, z0, . . . , zN−1, ϵ
y
0, ϵ

u
0 , . . . , ϵ

y
N−1, ϵ

u
N−1]

is the optimization vector, withmixed real and binary components

uk ∈ Rmc × {0, 1}mb

δk ∈ {0, 1}rb
zk ∈ Rrc

ϵyk, ϵ
u
k ∈ R

ξ ∈ RN(mc+rc+2) × {0, 1}N(mb+rb)

• Same approach applies to any convex piecewise affine stage cost
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Hybrid MPC – Temperature control
>> refs.x=2; % just weight state #2
>> Q.x=1; % unit weight on state #2
>> Q.rho=Inf; % hard constraints
>> Q.norm=Inf; % infinity norms
>> N=2; % prediction horizon
>> limits.xmin=[25;-Inf];

>> C=hybcon(S,Q,N,limits,refs);

>> C

Hybrid controller based on MLD model S <heatcoolmodel.hys> [Inf-norm]

2 state measurement(s)
0 output reference(s)
0 input reference(s)
1 state reference(s)
0 reference(s) on auxiliary continuous z-variables

20 optimization variable(s) (8 continuous, 12 binary)
46 mixed-integer linear inequalities
sampling time = 0.5, MILP solver = 'glpk'

Type "struct(C)" for more details.
>>

>> [XX,UU,DD,ZZ,TT]=sim(C,S,r,x0,Tstop);

min

2∑
k=1

∥x2k − r(t)∥∞

s.t.

{
x1k ≥ 25, k = 1, 2

MLDmodel
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Hybrid MPC – Temperature control

• Average CPU time to solveMILP:≈ 1ms/step

(Macbook Pro 3GHz Intel Core i7 using GLPK)
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Mixed-Integer Programming solvers
• Binary constraints makeMixed-Integer Programming (MIP) a hard problem

(NP-complete)

• However, excellent general purpose branch & bound / branch & cut solvers

available forMILP andMIQP (CPLEX, GLPK, Xpress-MP, CBC, Gurobi, ...)

(more solvers/benchmarks: see http://plato.la.asu.edu/bench.html)

• MIQP approaches tailored to embedded hybridMPC applications:

– B&B + (dual) active set methods for QP

(Leyffer,  Fletcher,  1998) (Axehill,  Hansson,  2006) (Bemporad, 2015) (Bemporad, Naik, 2018)

– B&B + interior point methods: (Frick,  Domahidi,  Morari,  2015)

– B&B + fast gradient projection: (Naik, Bemporad, 2017)

– B&B +ADMM: (Stellato, Naik, Bemporad, Goulart, Boyd, 2018)

• No need to reach global optimum (see convergence proof), although

performancemay deteriorate
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Solving MIQP via NNLS and proximal-point iterations
(Bemporad, Naik, 2018)

• Robustified approach: useNNLS + proximal-point iterations to solveQP

relaxations (Bemporad, 2018)

zk+1 = argminz
1
2z

′Qz + c′z + ϵ
2∥z − zk∥22

s.t. ℓ ≤ Az ≤ u

Gz = g

• CPU time (ms) onMIQP coming from hybridMPC (bm99 demo):
ForN = 10:

30 real vars

10 binary vars

160 inequalities

prox-NNLS∗ =warm

start of binary vars

exploited

N prox-NNLS prox-NNLS∗ GUROBI CPLEX

avg max avg max avg max avg max

2 2.0 2.6 2.0 2.6 1.6 2.0 3.1 6.0

4 5.3 8.8 3.1 6.9 3.1 3.9 8.9 15.7

8 29.7 71.0 8.1 43.4 7.2 13.2 15.5 80.2

10 76.2 146.1 14.4 103.2 11.1 17.6 35.1 95.3

12 155.8 410.8 26.9 263.4 14.9 31.2 61.7 103.7

15 484.2 1242.3 61.7 766.9 25.9 109.8 89.9 181.1

CPU timemeasured on Intel Core i7-4700MQCPU 2.40 GHz
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Fast gradient projection for MIQP
(Naik, Bemporad, 2017)

• Consider again theMIQP problemwith HessianQ = Q′ ≻ 0

min
z

V (z) , 1

2
z′Qz + c′z

s.t. ℓ ≤ Az ≤ u

Gz = g

Āiz ∈ {ℓ̄i, ūi}, i = 1, . . . , p

wk = yk + βk(y
k − yk−1)

zk = −Kwk − Jx

sk = 1
L
Gzk − 1

L
(W + Sx)

yk+1 = max
{
wk + sk, 0

}

• Use B&B and fast gradient projection to solve dual of QP relaxation

constraint is relaxed Āiz ≤ ūi → yk+1
i = max

{
yki + ski , 0

}
(yi ≥ 0)

constraint is fixed Āiz = ūi → yk+1
i = yki + ski (yi ≶ 0)

constraint is ignored Āiz = ℓ̄i → yk+1
i = 0 (yi = 0)
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Fast gradient projection for MIQP
(Naik, Bemporad, 2017)

• Same dual QPmatrices at each node, preconditioning computed only once

• Warm-start exploited, dual cost used to stopQP relaxations earlier

• Criterion based on Farkas lemma to detectQP infeasibility

• Numerical results (time inms):

n m p q miqpGPAD GUROBI

10 100 2 2 15.6 6.56

50 25 5 3 3.44 8.74

50 150 10 5 63.22 46.25

100 50 2 5 6.22 26.24

100 200 15 5 164.06 188.42

150 100 5 5 31.26 88.13

150 200 20 5 258.80 274.06

200 50 15 6 35.08 144.38

CPU timemeasured on Intel Core i7-4700MQCPU 2.40 GHz
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Heuristic ADMMmethod for (Suboptimal) MIQP
(Takapoui, Moehle, Boyd, Bemporad, 2017)

• Consider againMIQP problem

min 1
2
x′Qx+ q′x

s.t. ℓ ≤ Ax ≤ u

Aix ∈ {ℓi, ui}, i ∈ I

• ADMM iterations:

xk+1 = −(Q+ ρATA)−1(ρAT (yk − zk) + q)

zk+1 = min{max{Axk+1 + yk, ℓ}, u}

zk+1
i =

{
ℓi if zk+1

i < ℓi+ui
2

ui if zk+1
i ≥ ℓi+ui

2
, i ∈ I

yk+1 = yk +Axk+1 − zk+1

• Iterations converge to a (local) solution

• Similar idea also applicable to fast gradient methods (Naik, Bemporad, 2017)

quantization step
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Explicit hybrid MPC

• It is possible to write hybridMPC laws in explicit form too !

• The explicit MPC law is still piecewise affine on polyhedra

(Bemporad, Borrelli, Morari, 2000)

(Mayne, ECC 2001)

(Mayne, Rakovic, 2002)

(Bemporad, Hybrid Toolbox, 2003)

(Borrelli, Baotic, Bemporad,Morari, 2005)

(Alessio, Bemporad, 2006)

• The control lawmay be discontinuous, polyhedramay overlap

• Comparison of quadratic costs can be avoided by lifting the parameter space

(Fuchs, Axehill, Morari, 2015)

©2019 A. Bemporad - MPC Workshop - CDC'19 48/81



Stochastic Model Predictive Control
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Optimize decisions under uncertainty
•In	many	control	problems	decisions	must	be	taken	under	uncertainty

renewable	power

prices

demand

human	(inter)action

?
? ??

•Robust	control	approaches	do	not	model	uncertainty	(only	assume	
that	is	bounded)	and	pessimistically	consider	the	worst	case	

•Stochastic	models	provide	instead	additional	information	about	
uncertainty	

•Optimality	often	sought	(ex:	minimize	expected	economic	cost)

water

?

�2

Optimize decisions under uncertainty
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Stochastic Model Predictive Control (SMPC)

�3

process
model-based	 
optimizer

reference outputinput

measurements

r(t) u(t) y(t)

stochasticity
w(t)

Use	a	stochastic	dynamical	model	of	the	process	to	predict	its	
possible	future	evolutions	and	choose	the	“best”	control	action

Stochastic Model Predictive Control (SMPC)
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t t+1 t+N

min
u

Ew

2

4
N�1X

k=0
`(yk, uk, wk)

3

5

s.t. xk+1 = A(wk)xk +B(wk)uk + f(wk)

yk = C(wk)xk +D(wk)uk + g(wk)

umin  uk  umax

ymin  yk  ymax, 8w
x0 = x(t)
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Stochastic Model Predictive Control

�4

• At	time	  t:	solve	a	stochastic	optimal	control	problem	over	a	finite	future	
horizon	of	N	steps:

x(t)	=	process	state	

u(t)	=	manipulated	vars	

y(t)	=	controlled	output	

w(t)	=	stochastic	disturbances

•	Apply	the	first	optimal	move	u(t)= u0*,	throw	the	rest	of	the	sequence	away

•	At	time	t+1:	Get	new	measurements,	repeat	the	optimization.	And	so	on	…	

• Solve	stochastic	optimal	control	problem	w.r.t.	future	input	sequence

uk

yk

rk

feedback

robustness

Stochastic Model Predictive Control
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Linear stochastic model w/ discrete disturbance

• Linear stochastic predictionmodel{
xk+1 = A(wk)xk +B(wk)uk + f(wk)

yk = C(wk)xk + g(wk)

• Discrete disturbance

wk ∈ {w1, . . . , ws}

with discrete probabilities pj = Pr
[
wk = wj

]
, pj ≥ 0,

s∑
j=1

pj = 1

• (A,B,C) can be sparsematrices (ex: network of interacting subsystems), while

oftenwk is low-dimensional (ex: electricity price, weather, etc.)
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⇡ih = Pr[z(t+1) = zh | z(t) = zi], i, h = 1, . . . ,M

pj(t) =

8
><

>:

e1j if z(t) = z1
... ...
eMj if z(t) = zM
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Linear stochastic MPC w/ discrete disturbance

• Probabilities	pj can	be	time	varying,	pj(t),	and	have	their	own	dynamics 
 
Example:	Markov	chain

z1 z2

π11

π22

π12

π21

•Discrete	distributions	can	be	estimated	from	historical	data	 
(and	adapted	on-line)

Linear stochastic model w/ discrete disturbance
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↵ � 0

min
u

N�1X

k=0
Ew

h
(yk � rk)

2
i

min
u

N�1X

k=0

(Ew [yk � rk])
2 + ↵Varw [yk � rk]

Varw [yk � rk] = Ew
⇥
(yk � rk)

2
⇤
� (Ew [yk � rk])

2
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Cost functions for SMPC to minimize

�7

•Expected	performance

•Tradeoff	between	expectation	&	risk

•Note	that	they	coincide	for	α=1,	since

t t+1 t+N

uk

yk

rk

Cost functions for SMPC to minimize
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•Conditional Value-at-Risk (CVaR)

= minimize expected loss when things go wrong (convex !)

p(w)

|y-r|

β=95%

things go wrongok

α

|y-r|≥α

5%

•Min-max = minimize worst case performance

average loss

risk

exp

CVaR

min max

VaR

= expected shortfall

(Rockafellar, Uryasev, 2000)

Cost functions for SMPC to minimize
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scenario #j

Stochastic optimal control problem

• Enumerate all possible scenarios {wj
0, w

j
1, . . . , w

j
N−1}, j = 1, . . . , S

• Scenario = path on the tree

• NumberS of scenarios = number of leaf nodes

• Each scenario has probability pj =
N−1∏
k=0

Pr[wk = wj ]
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scenario #j

Stochastic optimal control problem
• Each scenario has its own evolution

xj
k+1 = A(wj

k)x
j
k +B(wj

k)u
j
k + f(wj

k)

(=linear time-varying system)

• Expectations become simple sums!

Example:

minEw

[
x′
NPxN +

N−1∑
k=0

x′
kQxk + u′

kRuk

]

min

S∑
j=1

pj

(
(xj

N )′Pxj
N +

N−1∑
k=0

(xj
k)

′Qxj
k + (uj

k)
′Ruj

k

)

Expectations of quadratic costs remain quadratic costs
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min
u,↵

N�1X

k=0

↵k +
1

1� �
Ew [max {|yk � rk|� ↵k,0}]

minu,z,↵

N�1X

k=0

↵k +
1

1� �

SX

j=1

pjzjk

s.t. zjk � yjk � rjk � ↵k

zjk � rjk � yjk � ↵k

zjk � 0
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Stochastic optimal control problem

�11

CVaR	optimization	becomes	a	linear	programming	problem

•CVaR	optimization (Rockafellar,	Uryasev,	2000)

Stochastic optimal control problem
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Scenario tree generation from data
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•frozen-time:																																																	(causal	prediction)	
•prescient	control:																																																			(non-causal)	
•certainty	equivalence:																																																				(causal)

Only	a	sequence	of	disturbances	is	considered

{w0, w1, . . . , wk�1}

wk ⌘ w(t), 8k
wk ⌘ w(t+ k)

wk = E[w(t+ k)|t]
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Free control variables

�13

k = 0 k = 1 k = N

u0
w1
0

ws
0

w1
N�1

ws
N�1

x0 = x(t)

x1N

xSN

ws
N�1

w1
N�1

u11

us1

u1w0 wN�1 xN

k = 0 k = 1 k = N

u0
x0 = x(t)

Stochastic	optimal	control

Deterministic	control

Decision	uk	only	depends	on	past	disturbance	realizations	 

We	can	trade	off	between	complexity	of	optimization	problem	 
(=number	of	nodes)	and	performance	(=accuracy	of	stochastic	modeling)

Causality	constraint:																					when	scenarios	j	
and	h	share	the	same	node	at	prediction	time	k	
(for	example:																			at	root	node	k =0)

ujk = uhk

uj0 ⌘ uh0

Free control variables
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Only	a	sequence		of	inputs		
is	optimized,	the	same	u	must	be	good	for	all	
possible	disturbance	w 	

{u0, u1, . . . , uN�1}

uj ⌘ u, 8j = 1, . . . , S
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Open-loop vs. closed-loop prediction

�14

open-loop	prediction

A	proper	move	u	is	optimized	to	counteract	each	
possible	outcome	of	the	disturbance	w 	

closed-loop	prediction

k = 0 k = 1 k = N

u0 w1
0

ws
0

w1
N�1

ws
N�1

x0 = x(t)

x1N

xSN

ws
N�1

w1
N�1

u11

us1

k = 0 k = 1 k = N

w1
0

ws
0

w1
N�1

ws
N�1

x0 = x(t)

x1N

xSN

ws
N�1

w1
N�1

u1
u0

• Intuitively:	OL	prediction	is	more	conservative	than	CL	in	handling	constraints	

• OL	problem	=	CL	problem	+	additional	constraints 
(=less	degrees	of	freedom)

Open-loop vs closed-loop prediction
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Linear stochastic MPC formulation

• A rich literature on stochasticMPC is available

(Schwarme, Nikolaou, 1999) (Munoz de la Pena, Bemporad, Alamo, 2005) (Primbs, 2007)

(Oldewurtel, Jones, Morari, 2008) (Wendt,Wozny, 2000) (Couchman, Cannon, Kouvaritakis, 2006)

(Ono,Williams, 2008) (Batina, Stoorvogel,Weiland, 2002) (van Hessem, Bosgra 2002)

(Bemporad, Di Cairano, 2005) (Bernardini, Bemporad, 2012)

See also recent survey (Mesbah, 2016)

• Performance index:minEw

[
x′
NPxN +

∑N−1
k=0 x′

kQxk + u′
kRuk

]
• Goal: ensuremean-square convergence lim

t→∞
E[x′(t)x(t)] = 0 (f(w(t)) = 0)

• Mean-square stability ensured by stochastic Lyapunov function V (x) = x′Px

Ew(t) [V (x(t+ 1))]−V (x(t) ≤ −x′(t)Lx(t), ∀t ≥ 0
P = P ′ ≻ 0

L = L′ ≻ 0
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Stabilizing SMPC

�18

• Impose	stochastic	stability	constraint	in	SMPC	problem	 
(=quadratic	constraint	w.r.t.	u0)

Theorem:	The	closed-loop	system	is	as.	stable	in	the	mean-square	sense

min
u

Ew

2

4
N�1X

k=0
`(xk, uk)

3

5

s.t. xk+1 = A(wk)xk +B(wk)uk
E [V (A(w0)x0 +B(w0)u0)]  x00(Q

�1 � L)x0
x0 = x(t)

performance and 
stability are decoupled

•SMPC	approach:	
1. Solve	LMI	problem	off-line	to	find	stochastic	Lyapunov		fcn	
2. Optimize	stochastic	performance	based	on	scenario	tree

V (x) = x0Q�1x

Note:	recursive	feasibility	guaranteed	by	backup	solution	u(k) =  Kx(k)

• SMPC	can	be	generalized	to	handle	input	and	state	constraints

(Bernardini,	Bemporad,	2012)

Stabilizing stochastic MPC
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Complexity of stochastic optimization problem
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Distributed GPAD for stochastic MPC
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Distributed GPAD for stochastic MPC
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SMPC for real-time market-based power dispatch

•We	are	a	legal	entity	(BRP)	trading	on	the	energy	(PX)	and	ancillary	
service	(AS)	markets	

•Objective:	Minimize	costs	via	efficient	use	of	intermittent	resources,	
and	maximize	profits	by	trading	on	electricity	(PX,	AS)	markets	

•Constraints:	Grid	capacity,	rate	limits,	load	balancing,	AS	balancing

(Patrinos,	Trimboli,	Bemporad,	2011)

�27

SMPC for real-time market-based power dispatch
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•Microgrid with three conventional power generators (P1,P2,P3), two 
renewables (R1,R2), one storage system (S1), satisfying local load and 
exchanging power with the grid

P1

P2

P3

S1 R2

R1

http://www.e-price-project.eu/

(Patrinos, Trimboli, Bemporad, 2011)

coal I

coal II

natural gaswind farm

photovoltaic
hydro-storage

Power dispatch model
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Pi,k+1 = Pi,k +�Pi,k

Sk+1 = ↵Sk + ↵cuc,k �
1

↵d
ud,k

0  uc,k  uc,max, 0  ud,k  ud,max

�Pi,min  �Pi,k  �Pi,max

Pi,min  Pi,k  Pi,max

�S,min  Sk+1 � Sk  �S,max

Smin  Sk  Smax
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Power dispatch model

• Conventional	generator	model	(i=1,2,3)

�29

• Storage	model

power generated  
at next time unit

constraints	on	generated	power:

α =	self	discharge	loss	
αc =	charge	efficiency 
αd =	discharge	efficiency

constraints	on	power	flows:

constraints	on	power	variation:

constraints	on	charge/discharge	rate:

constraints	on	charge/discharge:

Power dispatch model
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Pex,k = P1,k+P2,k+P3,k�uc,k+ud,k+(rk� lk)

x =

2

6664

P1
P2
P3
S

3

7775
u =

2

666666664

�P1
�P2
�P3
uc
ud

r � l

3

777777775

A =

2

6664

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 ↵

3

7775
B =

2

66664

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 ↵c � 1

↵d
0

3

77775

C =

2

6666664

1 1 1 0
1 0 0 0
0 1 0 0
0 0 1 0
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Power dispatch model

• Power	exchanged	with	the	rest	of	the	grid	(=balance)

�30

conventional 
power storage charge/

discharge

renewable power
load

• Overall	linear	model	and	constraints

uncontrolled input

r-l is STOCHASTIC !

Power dispatch model
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Power dispatch cost function

•Cost	function:	terms	to	penalize

�31

production cost from 
conventional plants

penalty on deviation  
from E-program

price to pay to get  
power from RT market

•The	overall	linear	MPC	problem	maps	into	a	QP:

current	state	
predicted	renewable	power	-	load	
E-program

electricity price on 
RT market (STOCHASTIC)

Ek = 0, γ = 0 if	no	E-Program	is	agreed	on	the	day-ahead	market

Power dispatch cost function
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SMPC for market-based optimal power dispatch

©2019 A. Bemporad - MPC Workshop - CDC'19 72/81



SMPC for market-based optimal power dispatch
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SMPC for market-based optimal power dispatch
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SMPC for market-based optimal power dispatch
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SMPC for market-based optimal power dispatch

�36

•MPC	setup:	

– Sampling	time:	Ts=5	min	

– Prediction	horizon:	N=6	steps	(=1/2	hour	ahead)	

– Three	controller	options:	

• Stochastic	MPC,	with	branching	factor	M	(ex:	M=[4	3	2	2	1])	

• Average	MPC,	that	is	deterministic	MPC	based	on	the	expected	
(price,	load-renewable)	realization	

• Prescient	MPC,	that	is	deterministic	MPC	based	on	the	exact	future	
(price,	load-renewable)	realization

SMPC for market-based optimal power dispatch
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SMPC for market-based optimal power dispatch
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SMPC for market-based optimal power dispatch

�38

Prescient:   Total cost=   1,247,909 [USD],                nvar=  30, CPUTIME =  14 [ms] 
Stochastic:  Total cost=   1,266,099 [USD], M=[2,2,2,1,1], nvar= 105, CPUTIME =  43 [ms] 
Stochastic:  Total cost=   1,266,123 [USD], M=[3,3,1,1,1], nvar= 140, CPUTIME =  50 [ms] 
Stochastic:  Total cost=   1,266,214 [USD], M=[2,2,1,1,1], nvar=  95, CPUTIME =  30 [ms]  
Stochastic:  Total cost=   1,266,701 [USD], M=[3,1,1,1,1], nvar=  80, CPUTIME =  27 [ms] 
Stochastic:  Total cost=   1,267,069 [USD], M=[2,1,1,1,1], nvar=  55, CPUTIME =  22 [ms] 
Average:     Total cost=   1,267,113 [USD], M=[1,1,1,1,1]  nvar=  30, CPUTIME =  14 [ms] 
Frozen-time: Total cost=   1,267,401 [USD],                nvar=  30, CPUTIME =  14 [ms]

•Compare	simulation	results	wrt	different	tree	complexity,	prescient,	and	
deterministic	(1	day,	May	26,	2014)	

exact knowledge  
of future uncertainty

deterministic: assume 
future disturbance = 
current disturbance

stochastic formulation

deterministic: assume 
future disturbance = 
average of historical 
data

nvar = number of variables in QP problem = 5*(# nodes), CPUTIME = time to build tree,build QP matrices, and solve

SMPC for market-based optimal power dispatch
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SMPC for market-based optimal power dispatch
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SMPC for market-based optimal power dispatch
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Workshop program

 LinearMPC: introduction and algorithms (AB)

 Nonlinear and economicMPC (MZ)

 Hybrid and stochasticMPC (AB)

 Reinforcement learning andMPC (AB+MZ)

 Concluding remarks (AB+MZ)

Supplementarymaterial:

http://cse.lab.imtlucca.it/~bemporad/mpc_course.html
https://mariozanon.wordpress.com/teaching/
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