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@ Tracking MPC Stability

© Economic MPC

© Examples

@ Locally Equivalent to Economic MPC
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Optimal Control Problem

N—-1
VN()A(()) = min Z /(Xk, uk) + Vf(XN)
k=0
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X1 = f (X, Uk),
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MPC

Optimal Control Problem

i I(xk, uk) + Vr(xn)

k=0

VN()A(()) = min

s.t. X0 = Xo,
X1 = f (X, Uk),
h(xx, ux) >0,
xy = Xr.

At each sampling time:

@ get the initial state Xy
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MPC

Optimal Control Problem

N—1
Vn(%) := min Z I(xk, ux) + Vi(xn)  (Quadratic) stage cost
X0y UQy---s XN o
s.t.  xo = Xo, Initial condition
Xir1 = (X, Ug), System dynamics
h(xx, ux) >0, Path constraints
xy = Xr. Terminal constraint
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Optimal Control Problem

N—1
Vn(%) := min Z I(xk, ux) + Vi(xn)  (Quadratic) stage cost
X0y UQy---s XN o
s.t.  xo = Xo, Initial condition
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= asymptotic stability
At each sampling time: on(]lx = x|) < Vin(x) < aa(flx — x|
@ get the initial state Xy Wn(f(x, 1)) — Vn(x) € —aa(||x — xs||)
@ solve the MPC OCP

@ apply the first control ug



Tracking MPC Stability 4/26
MPC

Optimal Control Problem

N—1
Vn(%) := min Z (XK, uk) (Quadratic) stage cost
0,00,y L
s.t.  xo = Xo, Initial condition
X1 = F( Xk, uk), System dynamics
h(xx, ux) >0, Path constraints
XN = Xs. Terminal constraint
If Vw(x) Lyapunov Function
= asymptotic stability
At each sampling time: o1 (]lx = x|) < Vin(x) < aa(flx — x|
@ get the initial state Xy Wn(f(x, 1)) — Vn(x) € —aa(||x — xs||)

@ solve the MPC OCP

@ apply the first control ug
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Tracking MPC: /(xs,us) =0 and Fa € Ks.t. a]|x — xs||) < I(x,u), Vue U

N-1
V(%) = 1(x0,u0) + D 10, ux) = a(llx — x|))
N o’ k—0

Za(lx=xsll)  ——_—
>0
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Lyapunov stability

Tracking MPC: /(xs,us) =0 and Fa € Ks.t. a]|x — xs||) < I(x,u), Vue U

N—-1
Vin(%0) = 1(x0,t0) + D 1(x, uk) = af||x = xs|))
Sl e e
>0

Vin(%0) < az(]|x — xs]|) Controllability assumption
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Tracking MPC: /(xs,us) =0 and Fa € Ks.t. a]|x — xs||) < I(x,u), Vue U
Mpe——

% o1
0.2

Viv(%0)

timestep
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Tracking MPC: /(xs,us) =0 and Fa € Ks.t. a]|x — xs||) < I(x,u), Vue U

0.2
o x
o ‘\‘\'\“\O—MA S

X o4 \//’"/
0.2

VNfl(f()A(o, Ug))

timestep
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Tracking MPC: /(xs,us) =0 and Fa € Ks.t. a]|x — xs||) < I(x,u), Vue U

0.2
o x
o ‘\‘\'\“\O—MA S

X o4 \//’"/
0.2

0 5 10 15 N
Viv—1(f (%0, ug )
1
> 0
7‘ Fl_‘ﬁ—\li
0 5 10 15

timestep

Vin-1(f (%0, ug)) = Viv(%0) — (%0, ug)
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Lyapunov stability

Tracking MPC: /(xs,us) =0

0.2
0.1

‘\‘\'\M

% o1
0.2

Viv-1(f (%0, ug)) + 1(x, us)

Vin-1(f (%0, ug)) = Viv(%0) — (%0, ug)
Vin(%0) — (%0, ug) + /(xs, us)
N——
=0

and Jae st aof||x —x||) <I(x,u), YueU
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Lyapunov stability
Tracking MPC: I(xs,us) =0 and Ja € K st a|x—x|) </(x,u), YVueU

0.2

O‘K‘\,M o v

X o1 \/’_‘/
-02

Vin(f (%0, u5))

0 5 10 15
timestep

Vin-1(f (%0, ug)) = Viv(%0) — (%0, ug)
Vin(f (%0, ug)) < Viv(%0) — I(%0, ug) + I(xs, us)
—_——

Different terminal conditions can still enforce stability
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Lyapunov stability

Tracking MPC: /(xs,us) =0 and Fa € Ks.t. a]|x — xs||) < I(x,u), Vue U

0.2
. x
O e— .

% 04 \/’_‘/
0.2

Vin(f (%0, u5))

Viv-1(f(%0, ug)) = Viv(%0) — 1(%0, ug)
Vin(f (%0, ug)) < Viv(%0) — I(%0, ug) + I(xs, us)
—_——
=0
Vin(f (%0, ug)) — Vin(%0) < —1(R0, u5) < —a(l|x — xs]|)
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Economic MPC

Do we always want to track?
No!

Then why do we track?

@ It works
@ We have been doing it since a long time

@ We have stability guarantees

What about Economic MPC?

@ Increased “economic” gain

@ Difficult to prove stability (2008-)

6/26
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Economic MPC
Economic vs Tracking

Stage cost: Tracking vs Economic (:# Tracking, 3 o(||x — xs||) < I(x, u))
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Economic MPC
Economic vs Tracking

Stage cost: Tracking vs Economic (:# Tracking, 3 a(||x — xs||) < I(x, u))

12

(z,w)

i
40 50

i i
20 30

02 i i
-50 -40 -30

The classical stability theory does not apply!
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Economic Stage Cost

Steady state: (X, us) = min /(x, u) sit. x = f(x,u)

X, u

1(x, u) = I(xs, us) /\: (x — f(x,u))
~
Lagrange multiplier
0.6
0.4
fs 0.2
5
= o
-0.2
-0.4
0 20 a0 40
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Economic MPC

Economic Stage Cost

Steady state: (X, us) = min /(x, u) sit. x = f(x,u)

X, u

I(x, u) = I(xs, us) + \/\; (x — f(x,u))

Lagrange multiplier

0.6
0.4

0.2

(, u)

-0.2

-0.4
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Economic Stage Cost

Steady state: (X, us) = min /(x, u) sit. x = f(x,u)

X, u

L(x,u) = I(x,u) = I(xs, us) + i; (x — f(x,u))

Lagrange multiplier

0.6

0.4

(, u)
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Economic Stage Cost

Steady state:  (xs, us) = min /(x, u) sit. x = f(x,u)

Rotated cost; L(x,u) = /(x,u) — I(xs, us) + Ad (x = f(x,u))
— ~—
[Diehl et al. 2011] Lagrange multiplier

0.6

0.4

(, u)
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Economic MPC
Economic Stage Cost

Steady state:  (xs, us) = min /(x, u) s.t. x = f(x,u)

X,u

Rotated cost: L(x,u) = I(x, u) — I(xs, us) + A(x) — AN(f(x, u))

[Amrit et al. 2011]

Iz, u)

-0.4

L L L L L L L L L
-50 -40 -30 -20 -10 0 10 20 30 40
x



Economic MPC
Rotated MPC Problem
Original Problem

N—1
V(%) := min ZI(Xk7Uk)
k=0

s.t. xo = X,
X1 = £ (X, k),
h(xk, ux) > 0,

XN = Xs.

Rotated Problem

Vn(%) := min
X0 UQ - s XN

s.t.

9/26

X1 = £(Xk, Uk),
h(xk, ux) > 0,

XN = Xs.
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Economic MPC
Rotated MPC Problem

Original Problem Rotated Problem
N—1 N—1
%) = mi Vn(%) = mi L
Vi(%o) = min ;l(xkauk) W(%) = min 2 (% )

s.t. Xo = Xo,
Xer1 = F(Xk, Uk),
h(Xk7 uk) Z O7

XN = Xs.

s.t.  xo = Xo,
X1 = (X, k),
h(xk, ux) > 0,

XN = Xs.

N—-1 N—-1 N—-1

L0, u) =D 100, uk) + Y A(xe) — 2 A (ks k) = > 1, )
k=0

0 k=0 k=0 k=0

=
=

»
Il
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Rotated MPC Problem

Original Problem Rotated Problem
N—1 N—1
Vin(%Xo) == XOvJ:ipva ; (XK, uk) V(%) == o.min 2 L(xk, uk)

s.t. xo = Xo, s.t. xo = Xo,

X1 = f(Xk, Uk), Xir1 = f(xk, uk),

/'I(Xk7 uk) > 07 h(Xk7 Uk) > 07
XN = Xs. XN = Xs.
N—1 N—-1 N—-1 N—-1 N—-1
L(Xa U) = I(Xk7 Uk) + Z A(Xk) - Z A(7(()(‘(7 Uk)) - Z I(XS7 US)
k=0 k=0 k=0 k=0 k=0
N—1 N—1 N—1

= (X, uk) + Z)\(Xk)_ Z/\(Xkﬂ)— N I(xs, us)

k=0 k=0 k=0
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Rotated MPC Problem

Original Problem

N—-1
Z /(Xk, Uk)
k=0

s.t.  xo = Xo,

V) = o

X1 = (X, k),
h(xk, ux) > 0,

XN = Xs.

N—-1 N—-1 N—-1

=0 k=0
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Rotated Problem
\_/N(f(o) = min
X005+ XN

s.t. Xo = Xo,
Xer1 = F(Xk, Uk),
h(Xk7 uk) > 07

XN = Xs.

N—-1

L0, u) =D 100, uk) + Y A(xe) — 2 A (ks k) = > 1, )
k=0

k=0
N—-1

= Z (X, uk) + i A(xk) — Z A1) — N (x5, us)

=0 k=0
1

k=0

= I(xk, uk) + A(x0) — Axw) — N (x5, us)

constant
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Rotated Problem
\_/N(f(o) = min
X005+ XN

s.t. Xo = Xo,
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XN = Xs.
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L0, u) =D 100, uk) + Y A(xe) — 2 A (ks k) = > 1, )
k=0

k=0
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=0 k=0
1
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= 1(xk, uk) + A(Ro0) — A(xs) — N I(xs, us)
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Rotated MPC Problem

Original Problem

N—-1
Z /(Xk, Uk)
k=0

s.t.  xo = Xo,

Vn(%) = min

X1 = (X, k),
h(xk, ux) > 0,

XN = Xs.
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Rotated Problem
\_/N(f(o) = min
X0,UQ -+ XN

s.t. Xo = Xo,
Xip1 = f (X, uk),
h(Xk7 uk) > O7

XN = Xs.

N—-1

I ) + > M) — 2 A (ks k) = > 1, )
k=0

k=0
N—-1

= Z (X, uk) + i A(xk) — Z A1) — N (x5, us)

N—1 N—1 N—1
L(x,u) =
k=0 k=0 k=0
N—1
k=0 k=0
N—1

k=0

= I(xk, uk) + A(%0) — M(xs) = N (s, us)

constant
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Rotated MPC Problem
Original Problem

N—-1
Z /(Xk, Uk)
k=0

s.t.  xo = Xo,

X1 = Xk, tg),

h(xk, ux) > 0,
XN = Xs.
N—1 N—1

9/26

Rotated Problem
\_/N(f(o) = min
X005+ XN
s.t. Xo = Xo,
Xer1 = F(Xk, Uk),
h(Xk7 Uk) Z 07

XN = Xs.

Z L(x,u) = Z I(xk, uk) + A(%o) + constant

k=0 k=0

V(%) = V(%) + A(%o) + constant

The two problems deliver the same primal solution!

Same stability properties
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Strict Dissipativity
System strictly dissipative wrt the supply rate s(x, u) if 3 A\(x), p(x) € K s.t.
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Stability Assumption

Rotated cost: L(x, u) = I(x, u) — I(xs, us) + A\(x) — A(f(x, u))

What conditions on A\(x)?

Strict Dissipativity
System strictly dissipative wrt the supply rate s(x, u) if 3 A\(x), p(x) € K s.t.

A(F(x, 1)) = A(x) < =p(llx = xs1) + s(x, v),
YV (x,u) €EZ

We are interested in s(x, u) = I(x, u) — I(xs, us)

This entails
L(x, 1) > plx — x.)

This only works for compact constraint sets!! (x, u) € Z
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Different Terminal Conditions

Terminal penalty + set constraint
3 X¢, k(x)s.t. ¥V x €X¢
Vi(F(x, 1(x))) < Ve(x) — 106, 5(x) + 1, )

With an end point constraint we had:
Vn(f(%i, ug)) < Vin(%i) — 1(%, ug) + 1 (xs, us)
——

=0
now we have:

Wv(f (%5, u5)) < V(%) — I(%, u5) + Ve (F(x, k(x))) — Ve(x) + I(x, £(x))

<I(xs,us)
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Different Terminal Conditions

Terminal penalty + set constraint

3 X¢, k(x)s.t. ¥V x €X¢
VE(F(x, 1)) < Va(x) — 1 m(x) + I(x, )

With an end point constraint we had:
Vn(f(%i, ug)) < Vin(%i) — 1(%, ug) + 1 (xs, us)
——

=0
now we have:

Wv(f (%5, u5)) < V(%) — I(%, u5) + Ve (F(x, k(x))) — Ve(x) + I(x, £(x))

<l(xs,us)
rotating:
Vi(F(%i, 1)) < V(&) — L(%i, ug) + Ve (F(x, 5(x))) — Ve(x) + L(x, k(x))
<0
with:

Vi(x) = Vi(x) + A(x) — Vi(x) — A(xs)
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Economic MPC 1126
Different Terminal Conditions

No terminal penalty nor constraints

@ Technical assumptions + horizon long enough [Griine, Automatica2013]
— practical stability to NV, (xs)

@ limysoep=0

@ If A\s #0, N < co then lim xk # xs [Zanon, Faulwasser, JPC2018]
k— 00

@ = tracking MPC performs better than economic MPC
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Wrap-up

EMPC stability if:
@ Strict dissipativity
AF(x,u)) = AMx) < —p(x = xs) + 1(x, u) — I(xs, us)
@ Compact constraint set
(x,u) €Z

© Suitable terminal conditions

o Point constraint
e Set constraint + terminal cost
o Technical assumptions + long horizon ( )
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Xy = 2x + u, I(x,u) = u*
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® Add constraint  lim xc =0 OR terminal cost ~ Vi(x) = ax®, a>0
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Consider the simple system:

Xy = 2x + u, I(x,u) = u*

@ Optimal (LQR) feedback: u=0
@ Unstable!

® Add constraint  lim xc =0 OR terminal cost ~ Vi(x) = ax®, a>0
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A Simple (but Tricky) Economic MPC Example

Consider the simple system:

Xy = 2x + u, I(x,u) = u*

@ Optimal (LQR) feedback: u=0
@ Unstable!

® Add constraint  lim xc =0 OR terminal cost ~ Vi(x) = ax®, a>0

— o0
@ Optimal (LQR) feedback: u = —1.5x
@ V(x)=3x?

@ Riccati equation:

4p?

P=4pP—
1+P

3P-P°=0 P € {0,3}
K € {0,1.5}

@ 3 \(x) = —0.5x% s.t. L(x,u) pos. def.
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@ Consider the simple system:

Xy = 2x + u, I(x,u) = u*

@ Add constraint x| <1

@ With increasing N we stabilise the system closer to 0, but only get there
for N = oo
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@ Consider the simple system:

Xy = 2x + u, I(x,u) = u*

@ Add constraint x| <1

@ With increasing N we stabilise the system closer to 0, but only get there
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A Simple (but Tricky) Economic MPC Example

@ Consider the simple system:

Xy = 2x + u, I(x,u) = u*

@ Add constraint x| <1

@ With increasing N we stabilise the system closer to 0, but only get there

for N = co
1 N=4
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@ Consider the simple system:

Xy = 2x + u, I(x,u) = u*

@ Add constraint x| <1

@ With increasing N we stabilise the system closer to 0, but only get there
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@ Consider the simple system:

Xy = 2x + u, I(x,u) = u*

@ Add constraint x| <1

@ With increasing N we stabilise the system closer to 0, but only get there
for N = oo
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A Simple (but Tricky) Economic MPC Example

@ Consider the simple system:

Xy = 2x + u, I(x,u) = u*

@ Add constraint x| <1

@ With increasing N we stabilise the system closer to 0, but only get there
for N = oo
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@ Consider the simple system:

Xy = 2x + u, I(x,u) = u*

@ Add constraint x| <1

@ With increasing N we stabilise the system closer to 0, but only get there
for N = oo
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@ Consider the simple system:

Xy = 2x + u, I(x,u) = u*

@ Add constraint x| <1

@ With increasing N we stabilise the system closer to 0, but only get there
for N = oo
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@ Consider the simple system:

Xy = 2x + u, I(x,u) = u*

@ Add constraint x| <1

@ With increasing N we stabilise the system closer to 0, but only get there
for N = oo
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@ Consider the simple system:
x4 = 2x + u, l(x,u):x2—|—u2—x—u

.2 2
O=minx"4+u" —x—u s.t. X=2x+u
X,u

xs = 0, us =0, A =1

5
’ HEEEEN| vl

uol

0 5 10 15



Examples 14/26

A Simple (but Tricky) Economic MPC Example
@ Consider the simple system:
x4 = 2x + u, l(x,u):x2—|—u2—x—u
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A Simple (but Tricky) Economic MPC Example

@ Consider the simple system:

Xy =2x+ u, I, u) =x>+v" —x—u

.2 2
O=minx"4+u" —x—u s.t. X=2x+u
X,u

xs = 0, us =0, A =1

N =5
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= 0 xel
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A Simple (but Tricky) Economic MPC Example

@ Consider the simple system:
Xy =2x+ u, I, u) =x>+v" —x—u

0:minx2+u2—x—u s.t. X=2x+u

X,u

xs = 0, us =0, A =1
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A Simple (but Tricky) Economic MPC Example
@ Consider the simple system:
x4 = 2x + u, l(x,u):x2—|—u2—x—u

0:minx2—|—u2 s.t. X=2x+u

X,u

xs = 0, us =0, s =1 A(x) = —x
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A Linear Economic MPC Example

@ Consider the simple system:
x; = 0.1x + u, I(x,u) = —x* + 1007

@ Optimal (LQR) feedback: v = 0.0113x
@ Then x; = 0.1113x = stability
@ Cost-to-go: V/(x) = —1.0113x?

@ Rotate using A\(x) = 5.475x>

@ Rotated the stage cost
L(x, u) = 4.4204x* — 1.095ux + 4.52490°

@ We obtain u = 0.0113x and V/(x) = 4.4639x°
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A Non-Steady State MPC Example

Continuously Stirred Tank Reactor: A — B

@ States x = (ca, cg), control u = g (flow). Sampling: t; = 0.5 min

= H(1-ca)—0dca (ca,cn) € [0,1]
ég = —%CB + 0.4ca q € [0,20]

@ Stage cost: /(x,u) = 2qgca — 1.5q
@ Optimal Steady State: x; = (0.5,0.5) mol/l, us = 4 1/(mol min)
Q® /(xs,us) = =2, avg,l(xy,u;) ~ —5.3

T
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Sketch of the ldea [zanon. Gros, Diehi, JPC2014, JPC2016, IFAC2017]

Design a quadratic stage cost such that:

”utracking()?o) _ ueconomiC()?o)” _ O(H)?O _ X5||2)

ENMPC ++ ELMPC < PD LMPC ¢« PD tracking NMPC

Solve the optimal steady-state problem: xs, us
Stage cost: Hessian = V?L(xs, us, As), gradient = V£(xs, us)

Lagrangian Hessian is typically indefinite!

Can we design a positive definite LMPC?
Yes! Provided that EMPC is locally stabilising

How do we compute it? Solve one SDP offline

What about NMPC? We need to use a trick!
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ENMPC NLP: min, f(w,t) st. g(w,t)=0, h(w,t)>0,

with v*(t) = (w*(t), A" (1), " (1))
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av* Sw 2 ot

= \74 _ T e
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ENMPC <~ ELMPC < PD LMPC <~ PD NMPC
ENMPC < ELMPC

ENMPC NLP:

ov*
ot

ELMPC QP:

min, f(w,t) st. g(w,t)=0, h(w,t)>0,

with v*(t) = (w*(t), A" (1), " (1))

1 - o _ 2\
min 7(SWTT§\/L‘(SW +( =Vu.L ow
Sw 2 ot

st. Vig8+ Vug 6w =0,
Vih+V,h'ow >0.

min %WTVE‘,ZW + VWFTW
st. 8w, t)+Vug w=0,
h(w*,t) 4+ Vuh'w >0,
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ELMPC + PD LMPC

@ Consider the simple system:

x; = 0.1x + u, I(x,u) = —x* +104%

@ Optimal (LQR) feedback: u = 0.0113x.
@ Then x; = 0.1113x = stability.
@ Cost-to-go: V/(x) = —1.0113x%.
@ Consider the stage cost
I(x, u) = 4.4204x% — 1.095ux + 4.52491°
@ We obtain u = 0.0113x and V/(x) = 4.4639x°!
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I(x,u) = x V2L (xs, s, As) x|, xT = Ax + Bu,
u| 2 T
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How to compute that? Quadratic cost rotation

-
I(x,u) = x V2L (xs, s, As) x|, xT = Ax + Bu,
u| 2 T

Quadratic rotation operator:

ATSPA—5P AT6PB
H(3P) = { BTSPA BT(SPB}

L(x, u) = I(x, u) — I(xs, us) + A(x) — A(f(x, v))

(R ] el
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ELMPC < PD LMPC

How to compute that? Quadratic cost rotation

.
I(x,u) = x V2L (x5, Usy As) X, xT = Ax + Bu,
ul T 7

Quadratic rotation operator:

ATSPA—5P AT6PB min
}“6P)"{ BTSPA BT6PB}

s.t.

L(x, u) = I(x, u) — I(xs, us) + A(x) — A(f(x, v))

(R ] el

SP,c,B

21/26

Solve the following convex SDP

8 -«

H+H(6P) = adl,
H+H(5P) < BI,

a > €.
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ELMPC stabilising = 3 SDP solution
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ELMPC < PD LMPC

How to compute that? Quadratic cost rotation

I(x, u) = m ' V2L, ts; As) m ,

Quadratic rotation operator:

T _ T
H(5P) = {A OPA—46P A 6PB}

BTSPA BT5PB

L(x, u) = I(x, u) — I(xs, us) + A(x) — A(f(x, v))

(R ] el

ELMPC stabilising = 3 SDP solution

xT = Ax + Bu, Ca, [ﬂ >0

Solve the following convex SDP

iy P e
st. H+H(6P) = ol,
H+H(5P) < BI,

o > €.
Solve

i - F
spmin o 78—+ pl|Fll

st. H+H(6P) + CLFCa, = al,
Bl = H+ H(6P) + C. FCa,,
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ENMPC < ELMPC < PD LMPC < PD tracking NMPC

Lagrangian Hessian of the MPC Problems:

L

Nx
va/kﬁk(WSy)\suus) = VZI(X57 Us) + ZAs,fv2fi(X57 Us) - Zﬂs,jv2hj(xs: US)
i—0 =0
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We obtained, but we also want
ENMPC < ELMPC < PD LMPC < PD tracking NMPC

Lagrangian Hessian of the MPC Problems:

L

Nx
va/kﬁk(WSy)\suus) = VZI(X57 Us) + ZAs,fv2fi(X57 Us) - Zﬂs,jv2hj(xs: US)
i—0 =0

Nx Ny
A= V2I(0xs,us) + D A iVi(xs, us) = D pisjV2hj(xs, us) + H(SP)
i=0 j=0

Ny N
stkﬁi(ws, As, Ns) = V2/(XS, Us) +2 Z )‘s,iv2fi(X57 Us) -2 Zus,jv2hj(X57 US) + H((SP)
i—0 =

We know how to get H > 0, but in general

Nx N
A= XV, us) + > 11V hi(xs, ) # 0

i—0 j=0

Can rotate linearly with s, can not rotate with
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@ s handled as ficticious controls

@ the inequalities do not contribute to the Hessian
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@ we can rotate wrt h(x, u) — s beacuse it's an equality constraint
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PD LMPC < PD tracking NMPC

h(x,u) >0 = h(x,u)—s=0, s>0

@ s handled as ficticious controls
@ the inequalities do not contribute to the Hessian

@ we can rotate wrt h(x, u) — s beacuse it's an equality constraint

We always have a gradient, so that the tracking stage cost must have a
linear term too!
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Evaporation Process

Model and cost

[)Ffj =f <{);j , {223]) , £(x, u) = something complicated.
Bounds
X> > 25%, 40kPa < P, < 80kPa,

PIOO S 400 kPa7 Fgoo S 400kg/min.
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Evaporation Process

Model and cost

[)Ffj =f <{);j , {223]) , £(x, u) = something complicated.
Bounds
X2 > 25%, 40kPa < P, < 80kPa,
PIOO S 400 kPa7 Fgoo S 400kg/min.

Optimal steady state

Xl _ Pioo] [ 191.713kPa
P,| T [49.743kPa| Fao| ~ |215.888kg/min| -
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Evaporation Process

Model and cost

[)Ffj =f <{);j , {gsg]) , £(x, u) = something complicated.
Bounds
X2 > 25%, 40kPa < P, < 80kPa,
PIOO S 400 kPa7 Fgoo S 400kg/min.

Optimal steady state
Xl _ Pioo] [ 191.713kPa
Py| ~ |49.743kPal|’ Fao| ~ |215.888kg/min|

Compare: tuned (t), diagonal of tuned (td), normal (n), normal without

gradient (n,ng)
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Evaporation Process

255 —
economic
- = tuned
tracking
tuned diagonal
— — tracking no gradient
225
245 1 1 1 1 1 |
0 50 100 150 200 250 300
ts
52 —
515
51 — — tracking no gradient
o
50.5
50 |-
495 L L I I I 1
0 50 100 150 200 250 300

ths)
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Evaporation Process

25/26

‘economic

- = tuned

tracking

tuned diagonal

— — tracking no gradient

190 1 1 1 1 1 1
50 100 150 200 250 300
tls)
225 —
economic
- = tuned
tracking
tuned diagonal
— — tracking no gradient
& 220
215 1 1 1 1 1

Il
0 50 100 150 200 250 300
t
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Evaporation Process

200 —
__________ economic
—————————— - — tuned
180~ - T = tuned diagonal L
tracking
160 |- — — tracking no gradient
<
140 |-
120 -
100 1 1 1 1 1 1 1 1 1
24.5 25 25.5 26 26.5 27 27.5 28 28.5 29
X
216 —
- e o economic =
= = tuned
215 tuned diagonal
tracking
= = tracking no gradient
Fomaf —_
213 -
212 1 1 1 1 1 1 1 1 1
24 245 25 255 26 26.5 27 275 28 28.5 29

Xy
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Evaporation Process

200 —
economic
== = tuned
195 |- tuned diagonal
tracking
— — tracking no gradient
< 190 -
185 -
180, Il 1
47.5 515 52
225 —
economic
= = tuned
220 | tuned diagonal
tracking
= = tracking no gradient
[:w 215 -
210
205 L !
475 48 48.5 49 49.5 50 50.5 51 515 52

P
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Evaporation Process

Optimality measure

G = 21:701 Zeco - Zz-:iol Etrack
Tl

In our Example
Gn=—-32-107%, Gong = —1.5-1077,
Gea = —1.1-107%, G =-12-10"".
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Evaporation Process

Optimality measure
T-1 T-1
G o Zk:O Zeco - Zk:O Etrack

Tl
In our Example
Gn=—-32-107%, Gong = —1.5-1077,
Gea = —1.1-107%, G =-12-10"".

Profit loss over 1 year:
Pang = —0.97 M$/year, P, = —0.21 M$/year,
Pyq = —0.07 M$/year, P. = —78 $/year.
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@ Economic MPC

e Hard to solve numerically
e Hard to prove stability
e Best economic performance

@ Tracking MPC

e Stability enforcing
e Easy to solve
e Poor economic performance

@ Tuned tracking MPC

e Stability enforcing

e Easy to solve

e Good economic performance

e Minimal modification wrt tracking MPC
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