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WORKSHOP PROGRAM

Linear MPC: introduction and algorithms
Nonlinear and economic MPC

Hybrid and stochastic MPC
Reinforcement learning and MPC

Concluding remarks

Workshop slides available at:

http://dysco.imtlucca.it/mpc-cdcl9
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SUPPLEMENTARY MATERIAL

e The contents presented in this workshop are an excerpt of two PhD courses
held every year at IMT Lucca, Italy:
- A.Bemporad - Model Predictive Control

http://cse.lab.imtlucca.it/~bemporad/mpc_course.html
April 1-3, 6-7,2020

- M. Zanon - Numerical Methods for Optimal Control

https://mariozanon.wordpress.com/teaching/

May 25-29, 2020

e Registration is free, but compulsory
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WORKSHOP PROGRAM

> Linear MPC: introduction and algorithms (AB)

Supplementary material:

http://cse.lab.imtlucca.it/~bemporad/mpc_course.html

https://mariozanon.wordpress.com/teaching/
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MODEL PREDICTIVE CONTROL: BASIC CONCEPTS



MODEL PREDICTIVE CONTROL (MPC)

prediction model Ll
: algorithm i

\ model-based optimizer

process

set-points outputs
—_— —
r(t) y(®)
T measurements
samcruﬁecg o . Likel
Use a dynamical model of the process to predict its futur

evolution and choose-the“best*comntrotaction
a good
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MODEL PREDICTIVE CONTROL (MPC)

e Goal: find the best control sequence over a future horizon of N steps

past | future

N—1
min > [WY (g — r(0))12 + W (ur — ur(t))]2

k=0 ././'/(‘ml

st. wpyr = flar,ur)  prediction model “1 [} — manipulated inputs
ye = g(xk)
Umin < Uk < Umax ~ constraints
Ymin S Yk S Ymax
xo = x(t) state feedback
numerical optimization problem PA— -
e Ateachtimet: /
- get new measurements to update the estimate of the current state z(t)
- solve the optimization problem with respect to {uo, .. ., un—1}

- apply only the first optimal move u(t) = ug, discard the remaining samples

rkshop - CDC'19 6/95
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DAILY-LIFE EXAMPLES OF MPC

e MPCis like playing chess !

ortest >
@ Avoid Highways >
0 Walking Route >
@ Bicycle Route >

e You use MPC too when you drive !
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MPC IN INDUSTRY
e The MPC concept dates back to the 60’s

iscrete Dynamic Optimization
pplied to On-Line Optimal Control

MARSHALL D. RAFAL and WILLIAM F. STEVENS

Tox XXIV __ «ABTOMATHEA H TEIEMEXAHHEA N7
1963 = USE OF LINEAR PROGRAMMING METHODS
#FOR SYNTHESIZING SAMPLED-DATA AUTOMATIC SYSTEMS
A. 1. Propoi
VK 6250 (Moscow)
Translated from Avtomatika i Telemekhanika, Vol. 24, No. 7,
TPHMEHEHNE METOJIOB JINHEMHOTO IIPOIPAMMHPOBAHILS Pp. 912-920, July, 1963
51 CHHTE3A MIMITYJIBCHBIX ABTOMATHYECKIX Original article submitted September 24, 1962
CHCTEM
A W mPOTION

e MPC used in the process industries since the 80’s

Today APC (advanced process control) = MPC
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MPC IN INDUSTRY

e Impact of advanced control technologies in industry

p
TABLE 1 A list of the survey results in order of industry impact as perceived by
the committee members.

N v
Rank and Technology High-Impact Ratings Low- or No-Impact Ratings
PID control 100% 0%

[Model predictive control I I 78% | 9%
System identification 61% 9%
Process data analytics 61% 17%
Soft sensing 52% 22%
Fault detection and 50% 18%
identification
Decentralized and/or 48% 30%
coordinated control
Intelligent control 35% 30%
Discrete-event systems 23% 32%
Nonlinear control 22% 35%
Adaptive control 17% 43%
Robust control 13% 43%
Hybrid dynamical systems 13% 43%

A J
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MPC IN INDUSTRY

Current Impact Future Impact
Control Technology % High Low/No High Low/No
PID control 91% 0% 78% 6%
System Identification 65% 5% 2% 5%
Estimation & filtering 64% 11% 63% 3%
62% 1% 2%
Process data analytics 51% 15% 70% 8%
Fault detection & 48% 17% 8% 8%
identification
Decentralized and/or 29% 33% 54% 1%
coordinated control
Robust control 26% 35% 2%  23%
Intelligent control 24% 38% 59% 1%
Nonlinear control 21% 44% 42% 15%
Discrete-event systems  24% 45% 39% 27%
Adaptive control 18% 38% 44% 17%
Repetitive control 12% 74% 17% 51%
Other advanced 1% 64% 25% 39%
control technology
Hybrid dynamical 11% 68% 33% 33%
systems
Game theory 5% 76% 17% 52%

orkshop - (DC
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TYPICAL USE OF MPC

static optimizer . )
Steady-state e (economic) set-point
optimization optimization
- I o static I/O model
set-points
d?jhami.c ophimiz.er .
MPC e coordinate multiple inputs
» ! e performance optimization
i * I e constraint handling
measurements | l actuator set-points

requlators

o fast-sampling

m—> —>|:|:|—' low-level controllers
e single-loop

orkshop -
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MPC OF AUTOMOTIVE SYSTEMS

Powertrain Ford Motor Company
engine control, magnetic actuators, robotized gearbox,
power MGT in HEVs, cabin heat control, electrical motors Jaguar
) . DENSO Automotive
Vehicle dynamics FCA
traction control, active steering, semiactive suspensions, G | Mot
autonomous driving enera otors
OoDYS

Road: neighbor-lane free, Mode: OA, k=108, Pi=1
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MPC FOR AUTONOMOUS DRIVING

e Coordinate torque request and steering to achieve safe and
comfortable autonomous driving with no collisions

¢ MPC combines path planning, path tracking, and obstacle
avoidance

e Stochastic prediction models are used to account for uncertainty
and driver’s behavior

*—0 O S I

<o
ST
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MPC OF GASOLINE TURBOCHARGED ENGINES

e Control throttle, wastegate, intake & exhaust cams to make engine torque
track set-points, with max efﬁciency and satisfying constraints

Desired Actuators
torque commands

Measurements

Achieved
Torque

numerical optimization problem /\Lﬁr\'\wﬁ
solved in real-time on ECU d = V1
ENSRR B

j- H\’\rﬂﬂ\ﬂ

engine operating at low pressure (66 kPa)
©2019 A. Bemporad - MPC Workshop - CDC'19 14/95




SUPERVISORY MPC OF POWERTRAIN WITH CVT

e Coordinate engine torque request and continuously variable transmission
(CVT) ratio to improve fuel economy and drivability

e Real-time MPC is able to take into account coupled dynamics and constraints,
optimizing performance also during transients

Engine
torque
request

Desired
axle torque

& o
CvT - US06 Double Hill driving cycle
ratio
request CVT Control
©2019 A. Bemporad - MPC Workshop - CDC'19 15/95




MPC IS IN AUTOMOTIVE PRODUCTION RIGHT NOW !

The MPC developed by General Motors and ODYS for torque tracking in
turbocharged gasoline engines is in high-volume production since 2018

e Multivariable system, 4 inputs, 4 outputs.
QP solved in real time on ECU

e Supervisory MPC for powertrain control
also in production since 2018

First known mass production of MPC in the automotive industry

http://www.odys.it/odys-and-gm-bring-online-mpc-to-production
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MPC DESIGN FLOW

High-fidelity simulation model

performance index
& constraints

(simplified) control-oriented
prediction model

‘

u Y
— — \
closed-loop simulation MI?C
design
physical modeling +
parameter estimation
Cse’&\“’ real-time
system v code
identification
/* z=A*x0; */
L for (i=0;i<m;i++) {
. rﬂ* 0 L Z(1)-A11)*x(0];
3 T for (j=1;j<n;j++) {
— rrh_‘___ _]- = Zj[1]+:A11+rr*j]’X[].:
e )
_J’ Ll ™1 :
T —— . . experiments
L o

physical process

Bemporad - MP op-(DC'19
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MPC TOOLBOXES

o MPC Toolbox (The Mathworks, Inc.):

- Part of Mathworks’ official toolbox distribution
- All writtenin MATLAB code
- Great for education and research

e Hybrid Toolbox: 8000 downloads

- Free download: http://cse.lab.imtlucca.it/~bemporad/hybrid/toolbox 1.5 downloads/day
- Great for research and education

e ODYS NL-MPC Toolbox:

- Very flexible MPC design and seamless integration in production D D\ /S
Real-time MPC code and QP solver written in plain C po— ]
Support for nonlinear models

Designed for industrial production

©2019 A. Bemporad - MPC Works
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LINEAR MPC - UNCONSTRAINED CASE

e Linear prediction model

r e R Notation:
{ Tht1 - xéxk + Buy, ueR™ o = 2(t)
ye = Cuai yERP zi = 2(t + k|t)
ug = u(t + k[t)
k—1
e Relation between input and states: ), = A*xy + Z A’ Bug—1—;
j=0
e Performance index
N—1 R = R'»0 by
J(z,20) = 2y Prn+ Y | wQurtujRuy @ = Q=0 z=| .
k=0 P = P'»x0 UN_1

¢ Goal: find the sequence z* that minimizes J(z, o), i.e., that steers the state «
to the origin optimally

019 A. Bemporad - MPC Workshop - CDC'19 19/95



COMPUTATION OF COST FUNCTION

T Q 0 0 ... 0 x1
T2 0 Q 0 ... 0 To
J(z,0) = x(Qmo + : :
IN-—-1 0 0 Q 0 TN -1

R
T B 0 0 [ wuo A
xo AB B ... 0 uy A?
. = . + . zo

TN AN_IB AN_QB B L UN—1 AN

v _’—l w

s P T

J(z,20) = (Sz+Tx0)'Q(Sz+ Txo) + 2’ Rz + 2(,Qxo

1 S, —) == 1 g
= 2R+ 5QS)z+2,2T'QS z+ ~x(2(Q +T'QT) zo
2 —— N—— 2 ——
) ) H F’ Y
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LINEAR MPC - UNCONSTRAINED CASE

uQ
1 1 “ condensed
J(z,20) = =2 Hz+z  F'24+-z) Y z=
(2, 20) 2 0 707 70 : form of MPC
UN—1
e The optimum is obtained by zeroing the gradient
V.J(z,20) = Hz+ Fxg =0
o
and hence z* = ,1 = —H'Fz, (“batch” solution)
uy_1

o Alternative #1: find z* via dynamic programming (Riccati iterations)

o Alternative #2: keep also 1, . .., xy as optimization variables and the equality
constraints x; 11 = Azy + Buy (non-condensed form)

©2019 A. Bemporad - MPC Workshop - CDC'19 21/95



UNCONSTRAINED LINEAR MPC ALGORITHM

@ each sampling step ¢:

e Minimize quadratic function, no constraints

min f(z) = %z’Hz—!—m’(t)F’z z= |: u:l ]
e solution: Vf(z) = Hz+ Fz(t) =0 = 2* = —H 'Fa(t)
wty=—[1 0 ... o] H'Fa(t) = Ka(t)

Unconstrained linear MPC = linear state-feedback!

©2019 A. Bemporad - MPC Workshop - CDC'19 22/95



CONSTRAINED LINEAR MPC

e Linear prediction model: {

T

e Constraints to enforce:

Ymin S y(t) S Ymax

{ Umin S U(t) S Umax

+1 = Azmp+ Buy

ye = Cuxp

Tz e R™
u € R™
y € RP

e Constrained optimal control problem (quadratic performance index):

N—-1
min 2y Pzy + Z 7}, Qxy + uj Ruy,
? k=0
st. Umin < Uk < Umax, k=0,...,N =1
Ymin < Yk < Ymax, K=1,..., N
—

—

A. Bemporad - MPC Workshop - CDC'19

v O

R'~0
Q>0 2=
P'>0

uo
uy

UN -1
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CONSTRAINED LINEAR MPC

k—1

e Linear prediction model: 2, = A¥zq + Z A'Buj,_1_;
i=0

e Optimization problem (condensed form):

V(zo) = 2a(Yzo+ min 12’Hz+ x(F'z (quadratic objective)
z

st. Gz < W + Sz |(linear constraints)

convex Quadratic Program (QP)

Uuo
U1

* 7 — . € RV™ s the optimization vector

UN -1

e H=H'>0,and H,F,Y,G,W, S depend on weights Q, R, P upper and lower
bounds Uiy, Umax, Ymins Ymax and model matrices A, B, C.
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LINEAR MPC ALGORITHM

@ each sampling step t:

manipulated inputs

|t t+k t+N

y Seedvack
ug 1 /H / F/
u i = x' (t
e Get the solution z* = b | ofthe QP min gzt (£)F"2
“1*\1.—1

st. Gz<W+4S§ z(t)
~~
Seedvack

o Apply only u(t) = u, discarding the remaining optimal inputs uf, ..., u}_,

A. Bemporad - MPC Workshop - CDC'19 25/95



LINEAR MPC - TRACKING

e Objective: make the output y(¢) track a reference signal r(t)

o Let us parameterize the problem using the input increments
Au(t) = u(t) —u(t — 1)

u(t — 1) + Au(t) we need to extend the system with a new state

o Asu(t) =
=u(t—1)

Xy (t)

Az(t) + Bu(t — 1) + BAu(t)
X4 () + Aul(t)

—_—
8
s 8
—_~
~+
+ +
—
~—
|

(2o ] = 2] 29)] + 1518w
y) = [co][29),

e Again alinear system with states x(t), x,,(t) and input Aw(t)
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LINEAR MPC - TRACKING

e Optimal control problem (quadratic performance index):

N—-1
: wY — r(t 2 WAuA 2
min 32 I = rO)B + 1WA Al A e
[Aup £ up —up_1], u—1 =u(t —1) Auy w1
z = orz =
st Umin < Ug < Umax, k=0,...,N —1
Ymin S Yk S Ymax, k= 19 e »N A’LLN71 UN-1

AuminSAukSAumaxak:O,...,N—l

weight W = diagonal matrix (more generally, Cholesky factor of Q = W/W)

min  J(z,z(t)) = %Z/HZ + @) (@)W (t—1)]F'z convex
a(t) Quadratic
st. Gz<W4S r(t) p
w(t— 1) rogram

—
e Add the extra penalty || W (uy, — uyer(t))||3 to track input references
e Constraints may depend on r(t), such as epin < Y — 7(t) < emax

A. Bemporad - MPC Workshop - CDC'19 27/95




INTEGRAL ACTION AND A.-FORMULATION

e |n control systems, integral action occurs if the controller has a
transfer-function from the output to the input of the form

__BE)
ut) = v B #0

e One may think that the Au-formulation of MPC provides integral action ...
.. isittrue?

e Example: we want to regulate the output y(t) to zero of the scalar system

z(t+1) = ax(t)+ Bu(t)
y(t) = ()

2019 A. Bemporad - MPC Workshop - CDC'19 28/95



INTEGRAL ACTION AND A.-FORMULATION

e Design an unconstrained MPC controller with horizon NV = 1
Au(t) = argmina,, Aud + py?
st. Aug =ug —u(t —1)
y1 = x1 = ax(t) + B(Aup + u(t — 1))
e By substitution, we get
Au(t) = argmina,, Aud + plax(t) + Bu(t — 1) + BAug)?
= argminp,, (1 + pﬁ2)Au0 + 28p(ax(t) + fu(t — 1))Aug
= —22%a(t) - 2 u(t - 1)
e Since z(t) = y(t) and u(t) = u(t — 1) + Au(t) we get the linear controller
pBa

z
u(t) = —%y(t) No pole in z =1

1
2T 158

e Reason: MPC gives a feedback gain on both z(t) and u(t — 1), not just on z(¢)
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MEASURED DISTURBANCES

e Measured disturbance v(¢) = input that is measured but not manipulated

Tht1 = Axk + Bug + BU/U(t) manipulated
yr = Cuxp+ Dyo(t) u(t) Variables
process OUIRUES

t
) measured y(®)

k—1 o(t) disturbances

k= A¥zo+ Y A'Bup_1_; + AV Byu(t) state |
j=0 z(t)

e Same performance index, same constraints. We still have a QP:
min 32/ Hz + [2/(t)r'(¢)u'(t — 1) v/ (1) F'z
(t)

7(t)
.t. <
st. Gz<W+S8 u(t— 1)

v(t)

A. Bemporad - MPC Workshop - CDC'19 30/95



ANTICIPATIVE ACTION (A.K.A. "PREVIEW™)

N-1

min 3 I (s = el + IS Buh)

e Reference not known in advance e Future refs (partially) known in
(causal): advance (anticipative action):
re, =r(t),vk=0,...,N—1 re =r(t+k),vk=0,...,N—1
Output/ reference Output / reference

[ use r(t f T use r(t+k)

0.5 0.5
0
0 5 10 15 0 5 10 15

Input Input

2 2
1 -If‘ 1 jr|.|_r(’\7
0
0 5 10 15 0 5 10 15

go todemompcpreview.m (MPC Toolbox)

e Same idea also applies for preview of measured disturbances

19 31/95
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SOFT CONSTRAINTS

e Relax output constraints to prevent QP infeasibility

N—
min 3 WYl — )+ IV A g
k=0
Au(0)
Sllbj. to x4 = Axi + Bur, k=0 A\*l z = :
Umin < Uk < Umass k= 0, ..., N —1 Au=b
Atmin < Aug < Aumax k=0,...,] N —1
Ymin — E‘/min S Yk S Ymax + EdeX- k=1,... 5 N

e ¢="“panic” variable, with weight p. > WY W4
® Viin, Vinax = vectors with entries > 0. The larger the i-th entry of vector V, the
relatively softer the corresponding i-th constraint

e Infeasibility can be due to:
- modeling errors
- disturbances
- wrong MPC setup (e.g., prediction horizon is too short)

A. Bemporad - MPC Workshop - CDC'19 32/95




MPC THEORY

e After the industrial success of MPC, a lot of research done:

- linear MPC = linear prediction model

- nonlinear MPC => nonlinear prediction model

- robust MPC = uncertain (linear) prediction model

- stochastic MPC = stochastic prediction model

- distributed/decentralized MPC=- multiple MPCs cooperating together

- economic MPC = MPC based on arbitrary (economic) performance indices
- hybrid MPC = prediction model integrating logic and dynamics

- explicit MPC = off-line (exact/approximate) computation of MPC

- solvers for MPC = on-line numerical algorithms for solving MPC problems

e Main theoretical issues: feasibility, stability, solution algorithms

(DC'19 33/95
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FEASIBILITY

N-1
min > AW (yrga — (@) + (WA Ay |2
k=0
subj. t0  Umin < Ut < Umax, K=0,...,N =1 QP problem

Ymin Syk Symaxa k= 17"'7N
Atumin < Aug < Aupax, k=0,...,N —1
o Feasibility: Will the QP problem be feasible at all sampling instants ¢?
e Input constraints only: always feasible if u/Awu constraints are consistent

e Hard output constraints:

- When N < oo there is no guarantee that the QP problem will remain feasible at all
t, evenin the nominal case
- Maximum output admissible set theory: NV < oo is enough

©2019 A. Bemporad - MPC Workshop - (DC'19 34/95



BASIC CONVERGENCE PROPERTIES

e Theorem: Let the MPC law be based on

N-1
V*(x(t)) = min Z 2, Qxy, + uj Ruy,
k=0
s.t. Trp+1 = Axy + Bug

Umin < Uk < Umax
Ymin S C:L'k S Ymax
xy =0 <« “terminal constraint’

q

with R, Q >~ 0, Umin < 0 < Umax, Ymin < 0 < Ymax-
If the optimization problem is feasible at time ¢ = 0 then

lim () =0, lim u(t)=0

t—o0 t—o0

and the constraints are satisfied at all timet > 0,for all R, Q > 0.

o Many more convergence and stability results exist

35/95
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CONVERGENCE PROOF

Proof: Main idea: use the value function V*(z(t)) as a Lyapunov-like function

Let z; = optimal control sequence attime ¢, 2, = [uf, ... ul,_,]’

By construction z;1 = [u} ... ul,_, 0]’ is afeasible sequence at time ¢ + 1

The costof Z; 11 is V*(x(t)) — 2/ (1) Qx(t) — v/ (t) Ru(t) > V*(z(t + 1))
e V*(z(t)) is monotonically decreasing and > 0,50 3lim; o, V*(2(t)) £ Vi

e Hence
0 <2'(t)Qx(t) + v/ (t)Ru(t) < V*(x(t)) — V*(x(t+ 1)) = Ofort — oo

Since R, @ > 0,lim;, o 2(t) = 0, lim;—, oo u(t) =0 |

Reaching the global optimum is not needed to prove convergence!

2019 A Bemporad - MPC Workshop - (DC'19 36/95



CONTROL AND CONSTRAINT HORIZONS

N—-1
min Do IW Yy = rO)F + WA Augl3 + pee®
k=0

subj. to  Umin < U < Umax, Kk =0,...,N —1
Aumin < Aup < Aumax, k=0,...,N —1
Aup =0, k= Ny,...,N—1
Ymin — €Vmin < Yk < Ymax + €Vinax, E=1,..., Ne

) Ymax

¢ Theinput horizon N,, limits the number F—'i_'_r_l—
of free variables ; Ly
- Reduced performance 5
. . L1 : Uk
- Reduced computation time : :
typically N, =1+ 5 —77 m\ t+N

e The constraint horizon N, limits the number of constraints

- Higher chance of violating output constraints
- Reduced computation time

37/95
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MPC AND LINEAR QUADRATIC REGULATION (LQR)

e Special case: J(z,x0) = &y Prn + fo:_ol z. Qxy + uj Rug, N, = N, with

matrix P solving the Algebraic Riccati Equation

(1676-1754)

P=APA—-A'PB(B'PB+R)"'B'PA+Q
Jacopo Francesco Riccati

(unconstrained) MPC = LQR for any choice of the prediction horizon N

Proof: : Easily follows from Bellman’s principle of optimality (dynamic
programming): zy Px n = optimal “cost-to-go” from time NV to co.

38/95
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MPC AND CONSTRAINED LOR

e Consider again the constrained MPC law based on minimizing
N-1

min 'y Pry + Z 2. Qg + up, Ruy,

N k=0

S.t. Umin < Uk < Umax, k=0,...,N—1

ymingykgymaka:]-a"'aN
up = Kxp, k= Ny,...,N—1

e Choose matrix P and terminal gain K by solving the LQR problem
K =-(R+B'PB)"'B'PA
P =(A+BK)P(A+BK)+ K'RK +Q

e Inapolyhedral region around the origin, constrained MPC = constrained LQR
for any choice of the prediction and control horizons N, N,,

e The larger the horizon IV, the larger the region where MPC = constrained LQR

2019 A. Bemporad - MPC Workshop - CDC'19 39/95



OBSERVER DESIGN FOR MPC

@ u(®) ut)
——>| Optimizer |—> Process ——/ 5 measured
reference L(t) outputs

(t)
Observer <

state estimate

Full state x(t) of process may not be available, only outputs y(¢)

Even if z(¢) is available, noise should be filtered out

Prediction and process models may be quite different

The state z(¢t) may not have any physical meaning
(e.g., in case of model reduction or subspace identification)

We need to use a state observer

Example: Luenberger observer (t + 1) = Az(t) + Bu(t) + L(y(t) — C&(t))
Most often, a Kalman filter based on the prediction model is used in practice

019 A. Bemporad - MPC Workshop - CDC'19 40/95



OUTPUT INTEGRATORS AND OFFSET-FREE TRACKING

e Add constant unknown disturbances on measured outputs:

Tpy1 = Az + Buy,
A1 = dg
ye = Cxp+dy

e Use the extended model to design a state observer (e.g., Kalman filter) that
estimates both the state #(¢) and disturbance d(t) from y(t)

¢ Why we get offset-free tracking in steady-state (intuitively):

- the observer makes C'z(t) + d(t) — y(t) (estimation error)
- the MPC controller makes Cz(t) + d(t) — 7(t) (predicted tracking error)
- the combination of the two makes y(t) — r(t) (actual tracking error)

In steady state, the term ci(t) compensates for model mismatch

e See more on survey paper
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FREQUENCY ANALYSIS OF MPC (FOR SMALL SIGNALS)

e Unconstrained MPC gain + linear observer = linear dynamical system
e Closed-loop MPC analysis can be performed using standard frequency-domain
tools (e.g., Bode plots for sensitivity analysis)

U(t) Plant ym(t)
x(t)

]
MPC

0) L r(t)

>> sys=ss (mpcobj) returns the LTI object of the MPC controller
>> sys=tf (mpcobj) (when constraints are inactive)
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CONTROLLER MATCHING

o Given adesired linear controller u = Kz, find a set of weights @, R, P
defining an MPC problem such that

—[IO...O}H’lF:Kd

i.e., the MPC controller coincides with /'; when the constraints are inactive

e Recall that the QP matricesare H = 2(R + S'QS), F = 25'QT, where
a0 o fg 0 A2
Q=|::- ::|[.BR=|... L=
0 0 0' Cg g é . AN ip AN °p . B AN

e The above inverse optimality problem can be cast as a convex problem
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CONTROLLER MATCHING - EXAMPLE

Open-loop process: y(t) = 1.8y(t — 1) + 1.2y(t — 2) + u(t — 1)

Constraints: —24 < u(t) < 24,y(t) > =5

e Desired controller = PID with gains K; = 0.248, Kp = 0.752, Kp = 2.237
y(t—1)
ut) = (KT + Kpy(®) + 200 —ye-1)) lggtﬂ
t—1
I(t) = Z(t—1)+ Tey(t) u(t—1)
e Matching result (using inverse LQR):
6.401 0.064 —0.001 0.020 422.7 241.7 50.39 201.4
o= | s od o o | w1, pr— | B RE I
0.019 0.080 —0.020 6.378 201.4 120.4 26.75 106.6
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CONTROLLER MATCHING - EXAMPLE

skbbd,

e Note: This is not trivially a
saturation of a PID controller. In
this case saturating the PID output
leads to closed-loop instability!

A generalization of the inverse LQR design results is ongoing

45/95
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LINEAR TIME-VARYING MODEL PREDICTIVE CONTROL



LPV MODELS

e Linear Parameter-Varying (LPV) model

ey = Ap)xr + B(p(t))ur + By (p(t))vr
ye = C(p(t))zi + Du(p(t))v
that depends on a vector p(t) of parameters
e The weights in the quadratic performance index can also be LPV

e Theresulting optimization problem is still a QP

min ;z’H(p(t))z—&—[ ig ] F(p(t)) =z

z u(t—1)

z(t)
s.t. Gp(t)z < W(p(t)) + S(p(t)) [u(t(i)l)}

e The QP matrices must be constructed online, contrarily to the LTI case
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LINEARIZING A NONLINEAR MODEL: LPV CASE

e AnLPV model can be obtained by linearizing the nonlinear model

e = f(we(t), uc(t), pe(t))
yc(t) = g(xc(t)’pc(t»

e p. € R™ = avector of exogenous signals (e.g., ambient conditions)

o Attimet,let Z.(t), u.(t), p.(t) be nominal values, that we assume
constant in prediction, and linearize

_ _d L of -
g et D) —20) = Grlectr M) = G| (el n) - ao) +
Ze(t),bc(t),Pe(t)
Ac(t)
af _ _ _ _
o (et +7) = Ge(t)) + F(@elt), Telt), Pe(t)) -1
‘iC(t)’ﬁC(t)VﬁC(t) Bvc(t)

Be(t)
e Convert (A, [B. By]) to discrete-time and get prediction model (A, [B B,])
e Same thing for the output equation to get matrices C'and D,,

019 A. Bemporad - MPC Workshop - CDC'19
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LTV MODELS

e Linear Time-Varying (LTV) model

Tpy1 = Ap(t)zr + Br(t)ug
ye = Cr(t)z

At each time ¢ the model can also change over the prediction horizon &

The measured disturbance is embedded in the model

The resulting optimization problem is still a QP
: L, z(t) 7’ /
min —Z'H({t)z+ | @) | F(t)'z
z 2 u(t—1)

z(t)
s.t. G(t)z <W(t)+ 5S(t) { r(t) }

u(t—1)

As for LPV-MPC, the QP matrices must be constructed online
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LINEARIZING A NONLINEAR MODEL: LTV CASE

e LPV/LTV models can be obtained by linearizing nonlinear models

{ 50— Flelt), uelt), pe(®))
ye(t) = glzc(t), pe(t))
o Attimet, consider nominal trajectories
U = {a.(t),u.(t+Ts),...,0.(t+(N—-1)T5)}
(example: U = shifted previous optimal sequence or input ref. trajectory)
Po= A{pc(t), pe(t + Ts), ..., pe(t + (N = 1)T5)}

(no preview: p.(t + k) = p(t))
o Integrate the model and get nominal state/output trajectories
X = A{z.(t),z(t+Ts),....,T(t+ (N —1)T,)}
Vo= A7) gt + To), .. ge(t + (N = 1)T5)}
e Examples: Z.(t) = current state / equilibrium state / reference state
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LINEARIZING A NONLINEAR MODEL: LTV CASE

o While integrating, also compute the sensitivities

Oz (t+ (k+ 1)Ts)
Al = =T
0z (t+ (k+ 1)Ty)
Be®) = —a i)
0yt + KT)
Crl) = 0% (t + kT,)
o Approximate the NL model as the LTV model
Th+1 Tk Uk
Tk +1) =Tk +1) = Ap(t) (ze(k) — Te(k)) +Br(t) (ue(k) — e (k))
Ye(k) = Je(k) = Ci(t) (xe(k) — Ze(k))
~———— ~——————

Yk T

(the notation “(k)” is a shortcut for “(t + kT%s)”)
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LINEARIZATION AND TIME-DISCRETIZATION

o Getting the discrete-time LTV model A (t), By (t), C(t) requires to linearize
and discretize in time the nonlinear continuous-time dynamical model

dzo(t) of ) of

:f(xcau&pc) %f(fc,’ljc,ﬁc)+ (xcfxc)+ (Ucfﬂc)
dt — 0ze s, a.,5. Qe |z, 4, p,
dt Tacosian wateix A, Tacdian wateiy B

o letx =z, — Tc,u = uc — .. We get the continuous-time linear system

dx
E = Aca: + BCU
e Similarly, we linearize the output equation and get
_ Jdg

Y=Yec = Yc = Or.

"1 ZTeyUe,De
Tacian matriy C

e The continuous-time linear system (A, B., C) can be converted to a discrete-time
system (A, B, C') with sample time T}

kshop - CDC'19 51/95
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AUTONOMOUS DRIVING EXAMPLE

e Goal: Control longitudinal acceleration and steering angle of the vehicle
simultaneously for autonomous driving with obstacle avoidance

e Approach: MPC based on a bicycle-like kinematic model of the vehicle in
Cartesian coordinates

= wcos(f+9)
Y . .
..................... y = wsin(0+9)
6 = % sin(6)

(z,y) | Cartesian position of frontwheel v | velocity at front wheel
0 | vehicle orientation 6 | steeringinput
L | vehiclelength=4.5m
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AUTONOMOUS DRIVING EXAMPLE

o Letz,,yn,0,, vy, 0, nominal states/inputs satisfying
v, cos(0pn + On)

In
Un | = | vnsin(@n + 6n) feasible nominal Ero,jeckorj
On “B sin(0n)

e Linearize the model around the nominal trajectory:
In T — Tp
Y| = |Un | +A | y—yn | +Be

v Un ] Linearized model
6 On 0—60n

0 —dn

where A., B, are the Jacobian matrices

0 0 —vpsin(@n + on) cos(On +0n) —vnsin(@n + 0n)

B = | sin(6n + 6n) Uy, co8(0n + n)

Ac= 10 0 wvpcos(On + 6n) =
UT” cos(dn)

0 0 0 1 sin(n)

e Use first-order Euler method to discretize model:

A=I+T,A., B=T,B., Ts=>50ms
53/95
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AUTONOMOUS DRIVING EXAMPLE

e Constraints on inputs and input variations Av, = v, — vi—1, Adg = 0, — Op—1:

—20<v <70 km/h velocity constraint
—45 < § <45 deg steering angle
—-5<AI<H5 rad steering angle rate

Stage cost to minimize:

(2 = Tret)? + (Y — Yret)? + Av? + AS?

Prediction horizon: N = 30 (prediction distance = N'Tsv, for example 25 m at 60 km/h)

Control horizon: N, = 4
o Preview on reference signals available
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AUTONOMOUS DRIVING EXAMPLE

e Closed-loop simulation results

vel = 66.0 km/h, delta= 0.0 deg

vel = 66.0 km/h, delta= 0.0 deg

70 - 70
60 |- 4 60 - W
.'.. .“.
50 - 50 -
40 1 ¢ 40 |
."'"
30 _."" 30+
§ g
£
20t 20 - s, 3
3 & B ..".
10 % / 0r 5 /
ol of -
0 20 40 60 80 100 120 10 20 40 60 80 100 120 1
O LPV-MPC O LTV-MPC

Model linearized @¢

Model linearized @ + k, k =0,...,N — 1

©2019 A. Bemporad - MPC Workshop - CDC'19 55/95



AUTONOMOUS DRIVING EXAMPLE

e Add position constrainty > Om

vel = 66.0 km/h, delta= 0.0 deg vel = 66.0 km/h, delta= 0.0 deg

70 70

60 - / 60 | _I.-/
.~':. :“‘..'

50 |- 50 | i

0 20 40 60 80 100 120 1 0 20 40 60 80 100 120 1
O LPV-MPC O LTV-MPC
Model linearized @¢ Model linearized @ + k, k =0,...,N — 1
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FROM LTV-MPC TO NL-MPC

o Key idea: Solve a sequence of LTV-MPC problems at the same time ¢

o Given the current state z(¢) and reference {r(t + k), u,(t + k)}, initial guess
Uo = {u,...,u% _,}and corresponding state trajectory Xy = {x0,...,2%}

e Agood initial guess Uy, X is the previous (shifted) optimal solution

e Atagenericiteration i, linearize the NL model around U;, X;:

{l’kﬂ = f(on,ur)
ye = g(xr)

0f (x, up)

Ay =
! ox

aBi:
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NONLINEAR MPC

Forh = 0to hAyax — 1 do:

1. Simulate from z(¢) with inputs U},, parameter sequence P and get state

trajectory X}, and output trajectory Yy,

Linearize around (X4, Uy, P) and discretize in time with sample time 7',
Let U;,,, be the solution of the QP problem corresponding to LTV-MPC

Find optimal step size ay, € (0, 1];

5. SetUp+1 = (1 — an)Un + ahU,’f+1;

Return solution Uy,

Eal A

max

e The method above is a Gauss-Newton method to solve the NL-MPC problem

e Special case: just solve one iteration with o = 1 (a.k.a. Real-Time Iteration)
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NONLINEAR MPC

e Example
0 [] Linear MPC
i T+ RTI

5l D D D D D <> Fully converged

% 44
Jase Q@eg@@mmammmmy
S s 6 8 10 12 1416 18 20

DLlnearMPC
4 B : : : : 1 T RTI b
5 m <> Fully converged
. @m@@@@@@@mmmam§
T 4 10 12 18
—5- Linear MPC

0al| e

5 07| <~ Converged

-0.2F

0.4t 52

2 4 6 8 10 12 14 16 18 20
time
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PREDICTION MODELS FOR MPC

e Physics-based nonlinear models

e Use black-box system identification
algorithms to fit linear or nonlinear models to data

e Use machine-learning techniques to get nonlinear
models (such neural networks) from data, with Jacobians

e A mix of the above (gray-box models)

o Note: Computation complexity depends on chosen model,
need to trade off descriptiveness vs simplicity of the model

orkshop -

1=k (We t Wegr — kept) + o

T,
P2 = ka(kepy = Wegr — We + W) + T;m
Fe = 1(Pe =i Py)

U P Y.

box
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LEARNING NONLINEAR MODELS FOR MPC

e |dea: use autoencoders and artificial neural networks to learn a nonlinear
state-space model of desired order from input/output data

" Dacodar] O, Ok11

|
0000000 Q000000
d d
\\ ,/ f > //
0000 & 0000
ka — . Thtl —> xl{ﬂ
QOOQ O statemap QOOO
/,’/ e ‘\\ l,’l e \‘\
0000000 0000000
Il.l Uk ITk
ANN with hourglass structure Or = Wk Yheml
i = [k - Yhongt1 Uk .- U;g—nb-s-l],
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LEARNING NONLINEAR MODELS FOR MPC - AN EXAMPLE

e System generating the data = nonlinear 2-tank benchmark

e xl(k + 1) k‘ 1/ .T1 + kz k’) + w(k))
il xz(k+1):x2 (k) +k \/xl ) — kar/z2(k)
] I- y(k) = z2(k) + v(k)

Y1) = xa(t) =

st

Model is totally unknown to learning algorithm

www.mathworks.com
6

e Artificial neural network (ANN): 3 hidden layers :
60 exponential linear unit (ELU) neurons \/VV\/\/
e For given number of model parameters, ’
autoencoder approach is superior to NNARX

50 150 200

e Jacobians directly obtained from ANN structure -
for Kalman filtering & MPC problem construction LTV-MPC results
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EMBEDDED QUADRATIC OPTIMIZATION FOR MPC



EMBEDDED MPC AND QUADRATIC PROGRAMMING

e MPC based on linear models requires solving a Quadratic Program (QP)

1
min §Z/QZ +a'(t)F'z uy

z

s.t. Gz <W + Sz(t)

UN—1

- ;:/Qz + 2(t)'F'z = constant
. . . . .“‘:‘“Z
Arich set of good QP algorithms is available today Pats

e Not all QP algorithms are suitable for industrial embedded control
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MPC IN A PRODUCTION ENVIRONMENT

Key requirements for deploying MPC in production:

1. speed (throughput)

- worst-case execution time less than sampling interval

- alsofast on average (to free the processor to execute other tasks)

2. limited memory and CPU power (e.g., 150 MHz / 50 kB)

-

3. numerical robustness (single precision arithmetic)

n

4. certification of worst-case execution time ”’3
FIED

C‘“”E‘r/
5

. code simple enough to be validated/verified/certified
(library-free C code, easy to check by production engineers)
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EMBEDDED SOLVERS IN INDUSTRIAL PRODUCTION

e Multivariable MPC controller
e Sampling frequency = 40 Hz (= 1 QP solved every 25 ms)
e Vehicle operating =1 hr/day for ~360 days/year on average

e Controller running on 10 million vehicles

~520,000,000,000,000 Q"”/v“

and none of them should fail.
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SOLUTION METHODS FOR QP

e Most used algorithms for solving QP problems: min, 52'Qz +2'F'z
- active set methods st. Gz<W+Sx

- interior-point methods

- gradient projection methods

alternating direction method of multipliers
(ADMM)

Quadratic Program (QP)

e A useful performance comparisons of many solvers can be found at
http://plato.la.asu.edu/bench.html

e Hybrid toolbox: ~ >> x=gpsol(Q, f,A,b,VLB,VUB,x0,solver)
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http://plato.la.asu.edu/bench.html

KKT OPTIMALITY CONDITIONS FOR QP

e Quadratic programming problem

1 ‘gg
min, 52’@2 +a2'F'z M

st. Gz< W+ Sz

Ez = f William Karush
(1917-1997)

e Karush-Kuhn-Tucker (KKT) conditions:

Qz+Fr+GM N+ Ev=0
Ez=f

Gz <W 4+ Sz Harold W. Kuhn
>0 (1925-2014)
N(Gz—=W —=8x)=0
I—— ~——

o Necessary and sufficient conditions for optimality (@) > 0)

Albert W. Tucker

(1905-1995)
©2019 A. Bemporad - MPC Workshop - CDC'19 67/95



DUAL GRADIENT PROJECTION FOR QP

e Consider the strictly convex QP and its dual

min  32'Qz + 2'F'z min  3y'Hy + (Dz + W)'y
st. Gz < W+ Sz st. y>0

withH =GQ'G',D =5+ GQ 'F.Take L > )\mi(H)

Apply proximal gradient method to dual QP:

1
Yt = max{yk—z(Hyk+Dx—|—W), 0} 1Yo =0

Primal solution: z¥ = —Q~'(Fz + G'y*)

Also works in fixed-point arithmetic

e Convergence is slow: the initial error f(2°) — f(2*) reducesas 1/k

2019 A. Bemporad - MPC Workshop - CDC'19 68/95



FAST GRADIENT PROJECTION

e Solve (dual) QP by fast gradient method

. 1 ’ 7 ! hile k<maxit
min —2'Qz+a'F'z k k k k—1 " betasnax((.1)/(k12),0);
: 57 @ wh = yF 4 Byt — ) e
s.t. Gz < W + Sz

z=-(iMG*w+iMc);
s=6L*z-bL;
& = —Kwrk—g

yo=y;
¥ = 1G2F— 1 (W + Sz) AT

gapl=-w'*s;
if gapL<=epsL

Y = max {wk + s%,0} et

end

yawis;
k=k+1;
end

e \erysimple to code

2L
e Convergencerate: f(z*) — f(z*) < m”zo —2*|3

o Tight bounds on maximum number of iterations can be computed
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o Alternating Directions Method of Multipliers for QP

o Q4 pA A (A — ) + o)
skl = min{max{AzFT! + ¥, ¢}, u}
Wbl =k 1 Aghtl gkt

pu = dual vector

e Verysimple to code

e Sensitive to matrix scaling (as gradient projection)

min

while k<maxiter
kek#1;
iM*(c+A"™*(rho*(u-s)));

TR
u=u+Az-s;
end
(7 lines EML code)
(=40 lines of C code)

e Used in many applications (control, signal processing, machine learning)
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REGULARIZED ADMM FOR QUADRATIC PROGRAMMING

Robust “regularized” ADMM iterations:

= (Q+ pAT A+ el) 7Y — ez + pAT (uF — 2F))
sFHl = min{max{Az*T + ¥ ¢} u}
WEHL = gk Akt gkt

Works for any Q = 0, A, and choice of ¢ > 0

Simple to code, fast, and robust
Q+el A
A 7%1

Implemented in free osQP solver http://osgp.org

(Python interface: ~ 800,000 downloads)

Only needs to factorize once
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0DYS QP SOLVER

e QP solver designed for industrial production, MPC-specific version available

BO®
QP Solver

3 ]‘ ! /
min izQz—i—cz e ’
s.t. Az <b == EEg
Ez=f & ¢

Implements a proprietary state-of-the-art method for QP

Emphasis on robustness (especially in single precision), speed of execution, low
memory requirements

Written in ANSI-C, compliant with MISRA-C 2012 standards

Currently used for production by some major OEMs

http://odys.it/qgp
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CAN WE SOLVE QP'S USING LEAST SQUARES ?

The least squares (LS) problem is probably the } g
most studied problem in numerical linear algebra £
Adrien-Marie Legendre

(1752-1833)

2" = argmin || Az — b||3

INnMATLAB: >> z=A\b (owne character !) Corl Friedrich Gause
(1777-1855)

Nonnegative Least Squares (NNLS) Bounded-Variable Least Squares (BVLS)

min, || Az — b|3 min, ||Az — b3
st. 220 st. £<z<u
(750 chars in Embedded MATLAB) See Nilay’s next talk
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SOLVING QP’S VIA NONNEGATIVE LEAST SQUARES

e Complete the squares and transform QP to least distance problem (LDP)

mzin $7'Qz+dz Q=LL rnuin ul)?
st. Gz<yg st. Mu<d
ut Lz+ L Te
Q=Q -0
e An LDP can be solved by the NNLS
2
. 1| M n 0
min -
vl e [T ,
st. y>0
o Ifresidual = 0then QP is infeasible. Otherwise set
1
* L—lM/ * —1
* 1+ dy* y Qe
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ROBUST QP SOLVER BASED ON NNLS

e QP solver based on NNLS is not very robust numerically
e Key idea: Solve a sequence of QP via NNLS within proximal-point iterations

Zhp1 = argmin,  12/Qz 4z 4 §[lz — %3
st. Az <b
Gr=g

o Numerical robustness: ) + €I can be arbitrarily well conditioned !

e Choice of ¢ is not critical

cond(@)=10'
cond(Q)=10°
cond(Q)=10°

total number of active-set iterations
as afunction of e

102+

e Each QP is heavily warm-started and makes very few active-set changes

o Recursive LDLT decompositions/rank-1 updates exploited for max efficiency
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SOLVING QP’S VIA NNLS AND PROXIMAL POINT ITERATIONS

CPU time (ms) (worst-case)

distance ||z — 2*|| from optimizer (worst-case)

‘02 {- | == QPNNLS PROX 1 | | == QPNNLS PROX|
s QPNNLS LDL 1 ol = QPNNLS LDL
GPAD ] 10/ GPAD i
= ADMM (3000) 1 | | === ADMM (3000)
——— ADMM (1000) 1 | | == ADMM (1000)
° /\\//_—\>4
/\_/—\_/\ 10'5
100 1 ’ 2 : 3 ‘4 ‘5 : 6 i 7 8
10’ 102 10° 10* 10° 10° 107 108 10 10 10 10 10 10 10 10
cond(Q)

single precision arithmetic
30 vars, 100 constraints
(Macbook Pro 3 GHz Intel Core i7)
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ACTIVE-SET VS INTERIOR-POINT METHODS

IP needs advanced linear algebra operations during iterations, AS does not

Linear systems to solve in IP tend to become ill-conditioned at convergence

IP provides good solutions within 10-15 IP iterations (usually ...).
AS iterations increase when both vars and constraints increase

IP faster than AS in QPs with say >500 vars & constraints. IP well exploits
sparse linear algebra

o Number of AS iterations can be exactly certified for given QP matrices
(see later...)

(see mare in Nocedal-Wright's book, pp. 485 and 592-593)
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MPC WITHOUT ON-LINE QP

prediction model

: \ model-based optimizer
N,
N
set-points inputs outputs
r(t) u(t) y(t)
'T‘ measurements
A . e Canweimplement constrained linear MPC
. \ A without an on-line QP solver ?
TES .
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ON-LINE VS OFF-LINE OPTIMIZATION

. ]' / / / o
min 57 Qz+ ' (t)F'z U
z 5= )
s.t. Gz < W + Sx(t)
un-—1

e On-line optimization: given z(t) solve the problem at each time step ¢ (the
control law u = uf(x) is implicitly defined by the QP solver)

Quadratic Programming (QP)

o Off-line optimization: solve the QP in advance for all z(¢) in a given range to
find the control law u = u(x) explicitly

multi-parametric Quadratic Programming (mpQP)
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PROPERTIES OF MPQP SOLUTION

THEOREM
Assume H = 0, [ £ I'] = 0. Then

o the set of feasible parameters X * is a polyhedron
X" ={x € R": z*(x) exists}
e the optimizer function z* : X* — R? is continuous and piecewise affine

z*(z) = argmin, 12'Qz+2'F'z
st. Gz< W+ Sz

o thevalue function V* : X* — R is convex, continuous, piecewise quadratic, and
(even C' if no degeneracy occurs)
V*(z)=12'Qz +min, L1a'Hz+2'F'z
st. Gz < W+ Sx
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EXPLICIT MPC SOLUTION

e Corollary: since the multiparametric solution

z*(z) = argmin, 12/Qz+2'F'z
st. Gz<W + Sz

of astrictly convex QP is continuous and piecewise affine,
the linear MPC law is continuous & piecewise affine too

Uo Fiz+g1 if Hiz <K,
= ug(z) =
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COMPLEXITY REDUCTION

o We are interested only in the first components of the optimizer z*

2@) 2 [uhe0) wi@) . uy ()]

e Regions where the first component of the solution is the same can be joined if
their union is convex

e Optimal merging methods exist
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REMOVING REDUNDANT INEQUALITIES VIA LP

e Avariety of multiparametric quadratic programming solvers is available

non redundant

e Most computations are spent in removing
redundant inequalities

e This is usually done by solving a linear program
(LP) per facet:

redundant

0 > max, A;z—b;

A;x < b; isredundant
S.t. AJZ‘Sb],VI]?é’L =

(if max, A;x — b; = 0the inequality is weakly redundant)
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REMOVING REDUNDANT INEQUALITIES VIA NNLS

o Key result: A polyhedron P = {u € R : Au < b} is nonempty
iff the partially NNLS problem

nown

(v*,u*) = argmin, ,, ||v+ Au—b|3 redundant

s.t. v >0,ufree LM\L
AL

has zeroresidual |[v* + Au* —b|3=0 /L A

redundant

e Checking emptyness of facet P, = {z : A;x =b;, Ajx < b;}viaNNLSis
about 10x faster than by linear programming

o Note: very high precision typically required in computational geometry, so
active-set methods are preferable to first-order and interior-point methods
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MULTIPARAMETRIC QP BASED ON NNLS

e Other polyhedral operations can be also solve by NNLS (check full dimension,
Chebychev radius, union, projection)

e New mpQP algorithm based on NNLS + dual QP formulation to compute active
sets and deal with QP degeneracy

e Comparable performance with other existing methods:

_ Hybrid Toolbox q [ m [ HybridTbx | MPT | NNLS
412 00174 [ 00256 | 0.0026
4|6 00827 | 01105 | 0.0126
12| 2 00398 | 00387 | 0.0054
- MPT Toolbox 2.6 (w/ default opts) I 19453 13601 | 02426
20 [ 2 01029 | 00763 | 00152
20 | 6 61220 | 6.2518 | 1.2853

e |ncluded in MPC Toolbox since version R2014b ‘\The MathWorks
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DOUBLE INTEGRATOR EXAMPLE

w(t+1) = [§il=) +[T]ul®)
e Model and constraints: y(t) = [ro]z(t)
—1<u(t)<1
e Obijective:
up = Kxy, Vk > N,, K = LQR gain
mlnzyk-i-loo N, = N=2

1 2 1,2 / 2.1429 1.2246
(Zk:o Y + ﬁ“k) +x5  [15518 113300) T2
————
solution og A.»\(ac\orov\(,
Qiccafi equation
e QP matrices (cost function normalized by max singular value of H)

0 8365 3603 F [0 .4624 1. 2852]
0 3603 2059 0.1682 0.5285

0.

0.
Ly % i
=l o0 1 1],95= 00
0 -1 1 00
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DOUBLE INTEGRATOR EXAMPLE - EXPLICIT SOLUTION

\ 7[’810() —1.75
‘ [~0.8166 —1.75 ] & if | 8888 0lid

0.4
—0.6124 ~0.4957

F } (Region #1)
1

! it (G5 e < [21] (Region #2)

:1} } (Region #3)

[—0.5528 —1.536 | @ + 0.4308  if j‘ } (Region #4)

\ i —0.3864 —1.074 -1 i
2 6 -1 it [ 5597 Zoams] 2 < [Z1]  (Region#5)

4
. 0297 0.9333 1 X
—1 if [ 166 —1.75 } x < [ 1 } (Region #6)
09712 2,699 -1
6
-15 10 5 0 5 10 15

.. —0.3864 —1.074
[—0:5528 —1.536] & — 0.4308  if x

1 N
vors 2ag | < [ 1 } (Region #7)
—0.6124 —0.4957 1

gotodemo linear/doubleintexp.m (Hybrid Toolbox)
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DOuB

LE INTEGRATOR EXA

MPLE - EXPLICIT SOLUTION

| -
Z\ ,\\ v ) \
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\\ S
|
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/77" /.
i
i
/)
i

N, =6
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CPU time

5

«» 300
=4
&
B 200
U
o«
* 100

PR -I-.llll ‘
o 10 15 20
ol __-..lIIIIIIIIIIIII ‘
o 5 15 20

10
#free moves

(is the number of regions finite for N,, — o0 ?)
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APPLICABILITY OF EXPLICIT MPC

e Consider the following general MPC formulation
st 1
. . / /
min kz_o §(yk —r(t+k)Syr—rit+k)+ §AukTAuk
+ (ug — ur(t +£))'V(up — ur(t + k) + pee?

subj. to xk11 = Axp + Bug + Byo(t+ k), k=0,...,N —1
yr = Cxp + Dug + Dyo(t +k), k=0,...,N—1
Umin(t + k) < up < umax(t+ k), k= 0, N =1
Atgin (t+ k) < Aug, < Ao (t+ k), k=0,...,N —1
Ymin(t + &) — €Vinin < Uk < Ymax(t + &) + Vinax, k=1,..., N
xo = x(t)

e Everything marked in red can be time-varying in explicit MPC

o Not applicable to time-varying models and weights
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EXITY OF MULTIPARAMETRIC SOLUTIONS

o Number n, of regions = # optimal combinations of active constraints:

q
- mainly depends on the number g of constraints: n, < Z ](i =21
h=0
(this is a worst-case estimate, most of the combinations are never optimal!)
- also depends on the number s of free variables

- weakly depends on the number n of parameters (states + references)

#regions

states/horizon N =1 N =2 N =3 N =4 N =5

n=2 3 6.7 135 214 19.3
n=3 3 6.9 17 37.3 77

n=4 3 7 21.65 56 114.2
n=5 3 7 22 615 132.7
n=6 3 7 231 71.2 196.3
n=7 3 6.95 232 714 182.3
n=8 3 7 23 70.2 207.9

average on 20 random SISO systems w/ input saturation
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COMPLEXITY OF MULTIPARAMETRIC SOLUTIONS

e The number of regions is (usually) exponential with the
number of possible combinations of active constraints

e Too many regions make explicit MPC less attractive, due to memory (storage of
polyhedra) and throughput requirements (time to locate z(t))

When is explicit MPC preferable to on-line QP (=implicit MPC) ?
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COMPLEXITY CERTIFICATION FOR ACTIVE-SET QP SOLVERS

e Consider adual active-set QP method for solving the QP
z*(z) = argmin, 12/Qz+2'F'z
st. Gz< W+ Sz

e What is the worst-case number of iterations over x to solve the QP ?

e Key result: The number of iterations to solve the QP is a piecewise constant
function of the parameter x

20

We can exactly quantify how
many iterations (flops) the QP
solver takes in the worst-case !

—20 1 | L |
-20 -10 €T 1 10 20
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e Examples (from MPC Toolbox):

inv. pend. DC motor nonlin. demo AFTI 16
#vars 5 3 6 5
# constraints 10 10 18 12
# params 9 6 10 10
Explicit MPC
# regions 87 67 215 417
max flops 3382 1689 9184 16434
max memory (kB) 55 30 297 430
Implicit MPC
max iters 11 9 13 16
max flops 3809 2082 7747 7807
sqrt 27 9 37 33
max memory (kB) 15 13 20 16
exFLiciE MPC online QP
is faster is faster

QP certification algorithm currently used in production
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COMPLEXITY CERTIFICATION FOR ACTIVE-SET QP SOLVERS

e Further improvements are possible by combining explicit and on-line QP
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CERTIFICATION OF KR SOLVER

e The KR algorithm is a simple and effective solver for box-constrained QP.
All violated/active constraints form the new active set at the next iteration

e Assumptions for convergence are quite conservative, and indeed KR can cycle

We can exactly map how many iterations KR takes to converge (or cycle)

# of iterations 1 (2 [ 13 [l4 [I5 [ 6
regions where KR fails Il

Example 1 Example 2 Example 3

Explicit MPC

max flops 324 1830 5401
max memory [kB] 3.97 15.9 89.69
Dual active-set

max flops + sqrt 580+5 1922+ 13 3622+24
max memory [kB] 8.21 8.63 8.90
KR algorithm

max flops 489 1454 2961
max memory [kB] 3.19 3.39 3.51
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WORKSHOP PROGRAM

£? Nonlinear and economic MPC (MZ)

Supplementary material:

http://cse.lab.imtlucca.it/~bemporad/mpc_course.html

https://mariozanon.wordpress.com/teaching/
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