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Workshop program

 LinearMPC: introduction and algorithms (AB)

 Nonlinear and economicMPC (MZ)

 Hybrid and stochasticMPC (AB)

 Reinforcement learning andMPC (AB+MZ)

 Concluding remarks (AB+MZ)

Workshop slides available at:

http://dysco.imtlucca.it/mpc-cdc19

©2019 A. Bemporad - MPC Workshop - CDC'19 2/95

http://dysco.imtlucca.it/mpc-cdc19


Supplementary material

• The contents presented in this workshop are an excerpt of two PhD courses
held every year at IMT Lucca, Italy:

– A. Bemporad -Model Predictive Control

http://cse.lab.imtlucca.it/~bemporad/mpc_course.html

April 1-3, 6-7, 2020

– M. Zanon -NumericalMethods for Optimal Control

https://mariozanon.wordpress.com/teaching/

May 25-29, 2020

• Registration is free, but compulsory
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Model Predictive Control: Basic Concepts



Model Predictive Control (MPC)

prediction model

model-based optimizer

set-points outputsinputs

measurements

r(t) u(t) y(t)

optimization 

algorithm

process

Use a dynamical model of the process to predict its future

evolution and choose the “best” control action

simplified likely

--------------------
a good
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t+1  t+1+k t+N+1

future

predicted outputs

manipulated inputs

t t+k t+N

uk

r(t)
yk

past

Model Predictive Control (MPC)

• Goal: find the best control sequence over a future horizon ofN steps

min

N−1∑
k=0

∥Wy
(yk − r(t))∥2

2 + ∥Wu
(uk − ur(t))∥2

2

s.t. xk+1 = f(xk, uk) prediction model
yk = g(xk)

umin ≤ uk ≤ umax constraints
ymin ≤ yk ≤ ymax

x0 = x(t) state feedback

numerical optimization problem

• At each time t:

– get newmeasurements to update the estimate of the current state x(t)

– solve the optimization problemwith respect to {u0, . . . , uN−1}
– apply only the first optimal move u(t) = u∗

0 , discard the remaining samples
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Daily-life examples of MPC
• MPC is like playing chess !

• On-line (event-based) re-planning used in GPS navigation

• You useMPC toowhen you drive !
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MPC in industry
• TheMPC concept dates back to the 60’s

3

(Rafal, Stevens, AiChE Journal, 1968)

(Propoi, 1963)
• MPC used in the process industries since the 80’s

(Qin, Badgewell, 2003) (Bauer, Craig, 2008)

Today APC (advanced process control) =MPC

©SimulateLive.com
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MPC in industry
(Samad, IEEE CSMagazine, 2017)

• Impact of advanced control technologies in industry
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MPC in industry
(Samad, IFACNewsletter, April 2019)
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Typical use of MPC

low-level controllers

MPC

Steady-state 
optimization

• fast-sampling

•single-loop

•coordinate multiple inputs
•performance optimization
•constraint handling

• (economic) set-point 
optimization

•static I/O model

set-points

actuator set-pointsmeasurements

static optimizer

dynamic optimizer

regulators

©2019 A. Bemporad - MPC Workshop - CDC'19 11/95



MPC of automotive systems
(Bemporad, Bernardini, Borrelli, Cimini, Di Cairano, Esen, Giorgetti, Graf-Plessen, Hrovat, Kolmanovsky
Levijoki, Livshiz, Long, Pattipati, Ripaccioli, Trimboli, Tseng, Verdejo, Yanakiev, ..., 2001-present)

Powertrain
engine control, magnetic actuators, robotized gearbox,

powerMGT in HEVs, cabin heat control, electrical motors

Vehicle dynamics
traction control, active steering, semiactive suspensions,

autonomous driving

FordMotor Company

Jaguar

DENSOAutomotive
FCA

GeneralMotors
ODYS

4

tire deflection

suspension deflection


4

tire deflection

suspension deflection



Most automotiveOEMs are looking intoMPC solutions today
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MPC for autonomous driving

• Coordinate torque request and steering to achieve safe and

comfortable autonomous driving with no collisions

• MPC combines path planning, path tracking, and obstacle

avoidance

• Stochastic predictionmodels are used to account for uncertainty

and driver’s behavior

MPC for autonomous driving (R&D)
• Coordinate torque request and steering to achieve safe and 

comfortable autonomous driving in the presence of other 
vehicles and obstacles

• Combine path planning, path tracking and obstacle avoidance

• Employ stochastic MPC to take into account uncertainty and 
driver’s behavior
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MPC of gasoline turbocharged engines
• Control throttle, wastegate, intake & exhaust cams tomake engine torque

track set-points, withmax efficiency and satisfying constraints

Measurements

Desired 
torque

Actuators
commands

Achieved
Torque

EngineMPC

numerical optimization problem

solved in real-time on ECU

(Bemporad, Bernardini, Long, Verdejo, 2018)

engine operating at low pressure (66 kPa)
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Supervisory MPC of powertrain with CVT

• Coordinate engine torque request and continuously variable transmission

(CVT) ratio to improve fuel economy and drivability

• Real-timeMPC is able to take into account coupled dynamics and constraints,

optimizing performance also during transients

CVT Control

Desired 
axle torque

MPC

Engine Control

Engine 
torque

request

CVT
ratio

request

US06Double Hill driving cycle

(Bemporad, Bernardini, Livshiz, Pattipati, 2018)
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 / 8
Model predictive control toolset 1

MPC is in automotive production right now !

TheMPCdeveloped byGeneralMotors andODYS for torque tracking in

turbocharged gasoline engines is in high-volume production since 2018

• Multivariable system, 4 inputs, 4 outputs.

QP solved in real time on ECU

(Bemporad, Bernardini, Long, Verdejo, 2018)

• SupervisoryMPC for powertrain control

also in production since 2018

(Bemporad, Bernardini, Livshiz, Pattipati, 2018)

First knownmass production ofMPC in the automotive industry

http://www.odys.it/odys-and-gm-bring-online-mpc-to-production
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High-fidelity	simulation	model

MPC	
design

performance	index
&	constraints

real-time
code

(simplified)	control-oriented	
prediction	model

system	
identification

closed-loop	simulation

experiments

revis
e	MPC	s

etup

physical	modeling	+	
parameter	estimation

G(z)
u y

/* z=A*x0; */
for (i=0;i<m;i++) {
    z[i]=A[i]*x[0];
    for (j=1;j<n;j++) {
        z[i]+=A[i+m*j]*x[j];
    }
}

physical	process

MPC design flow
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MPC toolboxes

• MPCToolbox (TheMathworks, Inc.): (Bemporad, Ricker, Morari, 1998-today)

– Part ofMathworks’ official toolbox distribution

– All written inMATLAB code

– Great for education and research

• Hybrid Toolbox: (Bemporad, 2003-today)

– Free download: http://cse.lab.imtlucca.it/~bemporad/hybrid/toolbox

– Great for research and education

8000 downloads

1.5 downloads/day

• ODYSNL-MPC Toolbox: (ODYS Srl, 2013-present)

– Very flexibleMPC design and seamless integration in production

– Real-timeMPC code andQP solverwritten in plain C

– Support for nonlinear models

– Designed for industrial production
 / 8
Model predictive control toolset 1
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Linear MPC



Linear MPC - Unconstrained case

• Linear predictionmodel

{
xk+1 = Axk +Buk

yk = Cxk

x ∈ Rn

u ∈ Rm

y ∈ Rp

Notation:

x0 = x(t)

xk = x(t+ k|t)

uk = u(t+ k|t)

• Relation between input and states: xk = Akx0 +

k−1∑
j=0

AjBuk−1−j

• Performance index

J(z, x0) = x′
NPxN+

N−1∑
k=0

x′
kQxk+u′

kRuk

R = R′≻0

Q = Q′≽0

P = P ′≽0

z =

 u0
u1

...
uN−1


• Goal: find the sequence z∗ that minimizes J(z, x0), i.e., that steers the state x

to the origin optimally

©2019 A. Bemporad - MPC Workshop - CDC'19 19/95



Computation of cost function

J(z, x0) = x
′
0Qx0 +



x1

x2

.

.

.

xN−1

xN



′

Q̄︷ ︸︸ ︷

Q 0 0 . . . 0

0 Q 0 . . . 0

.

.

.
.
.
.

. . .
.
.
.

.

.

.

0 . . . 0 Q 0

0 0 . . . 0 P





x1

x2

.

.

.

xN−1

xN



+


u0

u1

.

.

.

uN−1


′ 

R 0 . . . 0

0 R . . . 0

.

.

.
.
.
.

. . .
.
.
.

0 . . . 0 R


︸ ︷︷ ︸

R̄


u0

u1

.

.

.

uN−1




x1

x2

.

.

.

xN

 =


B 0 . . . 0

AB B . . . 0

.

.

.
.
.
.

. . .
.
.
.

AN−1B AN−2B . . . B


︸ ︷︷ ︸

S̄


u0

u1

.

.

.

uN−1


︸ ︷︷ ︸

z

+


A

A2

.

.

.

AN


︸ ︷︷ ︸

T̄

x0

J(z, x0) = (S̄z + T̄ x0)
′Q̄(S̄z + T̄ x0) + z′R̄z + x′

0Qx0

=
1

2
z′ 2(R̄+ S̄′Q̄S̄)︸ ︷︷ ︸

H

z + x′
0 2T̄

′Q̄S̄︸ ︷︷ ︸
F ′

z +
1

2
x′
0 2(Q+ T̄ ′Q̄T̄ )︸ ︷︷ ︸

Y

x0
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Linear MPC - Unconstrained case

J(z, x0) =
1

2
z′Hz+x′

0F
′z+

1

2
x′
0Y x0 z =

 u0
u1

...
uN−1

 condensed

form ofMPC

• The optimum is obtained by zeroing the gradient

∇zJ(z, x0) = Hz + Fx0 = 0

and hence z∗ =


u∗
0

u∗
1

...
u∗
N−1

 = −H−1Fx0 (“batch” solution)

• Alternative #1: find z∗ via dynamic programming (Riccati iterations)

• Alternative #2: keep also x1, . . . , xN as optimization variables and the equality

constraints xk+1 = Axk +Buk (non-condensed form)
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future

predicted outputs

manipulated inputs

t t+k t+N

uk

r(t)

yk

past

Unconstrained linear MPC algorithm
@each sampling step t:

• Minimize quadratic function, no constraints

min
z

f(z) =
1

2
z′Hz + x′(t)F ′z z =

 u0
u1

...
uN−1


• solution:∇f(z) = Hz + Fx(t) = 0 ⇒ z∗ = −H−1Fx(t)

u(t) = −
[
I 0 . . . 0

]
H−1Fx(t) = Kx(t)

Unconstrained linearMPC = linear state-feedback!
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Constrained Linear MPC

• Linear predictionmodel:

{
xk+1 = Axk +Buk

yk = Cxk

x ∈ Rn

u ∈ Rm

y ∈ Rp

• Constraints to enforce:{
umin ≤ u(t) ≤ umax

ymin ≤ y(t) ≤ ymax

• Constrained optimal control problem (quadratic performance index):

min
z

x′
NPxN +

N−1∑
k=0

x′
kQxk + u′

kRuk

s.t. umin ≤ uk ≤ umax, k = 0, . . . , N − 1

ymin ≤ yk ≤ ymax, k = 1, . . . , N

R = R′≻0

Q = Q′≽0

P = P ′≽0

z =

 u0
u1

...
uN−1


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Constrained Linear MPC

• Linear predictionmodel: xk = Akx0 +

k−1∑
i=0

AiBuk−1−i

• Optimization problem (condensed form):

V (x0) =
1
2x

′
0Y x0+ min

z

1
2z

′Hz + x′
0F

′z (quadratic objective)

s.t. Gz ≤ W + Sx0 (linear constraints)

convexQuadratic Program (QP)

• z =

 u0
u1

...
uN−1

 ∈ RNm is the optimization vector z*

• H = H ′ ≻ 0, andH,F, Y,G,W, S depend onweightsQ,R, P upper and lower

bounds umin, umax, ymin, ymax andmodel matricesA,B,C .
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future

predicted outputs

manipulated inputs

t t+k t+N

uk

r(t)

yk

past

Linear MPC algorithm

@each sampling step t:

• Measure (or estimate) the current state x(t)

• Get the solution z∗ =


u∗
0

u∗
1

...
u∗
N−1

 of theQP


min
z

1
2z

′Hz +

feedback︷ ︸︸ ︷
x′(t)F ′z

s.t. Gz ≤ W + S x(t)︸︷︷︸
feedback

• Apply only u(t) = u∗
0 , discarding the remaining optimal inputs u

∗
1, . . . , u

∗
N−1
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Linear MPC - Tracking

• Objective: make the output y(t) track a reference signal r(t)

• Let us parameterize the problem using the input increments

∆u(t) = u(t)− u(t− 1)

• As u(t) = u(t− 1) + ∆u(t)we need to extend the systemwith a new state

xu(t) = u(t− 1){
x(t+ 1) = Ax(t) +Bu(t− 1) +B∆u(t)

xu(t+ 1) = xu(t) + ∆u(t)


[

x(t+1)
xu(t+1)

]
= [A B

0 I ]
[

x(t)
xu(t)

]
+ [BI ]∆u(t)

y(t) = [C 0 ]
[

x(t)
xu(t)

]
• Again a linear systemwith states x(t), xu(t) and input∆u(t)
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Linear MPC - Tracking
• Optimal control problem (quadratic performance index):

min
z

N−1∑
k=0

∥W y(yk+1 − r(t))∥22 + ∥W∆u∆uk∥22

[∆uk , uk − uk−1], u−1 = u(t− 1)

s.t. umin ≤ uk ≤ umax, k = 0, . . . , N − 1

ymin ≤ yk ≤ ymax, k = 1, . . . , N

∆umin ≤ ∆uk ≤ ∆umax, k = 0, . . . , N − 1

z =


∆u0

∆u1

...

∆uN−1

 or z =


u0

u1

...

uN−1



weightW = diagonal matrix (more generally, Cholesky factor ofQ = W ′W )

min
z

J(z, x(t)) = 1
2
z′Hz + [x′(t) r′(t)u′(t− 1)]F ′z

s.t. Gz ≤ W + S

 x(t)

r(t)

u(t− 1)


convex

Quadratic

Program

• Add the extra penalty ∥Wu(uk − uref(t))∥22 to track input references
• Constraints may depend on r(t), such as emin ≤ yk − r(t) ≤ emax
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Integral action and∆u-formulation

• In control systems, integral action occurs if the controller has a

transfer-function from the output to the input of the form

u(t) =
B(z)

(z − 1)A(z)
y(t), B(1) ̸= 0

• Onemay think that the∆u-formulation ofMPC provides integral action ...

... is it true ?

• Example: we want to regulate the output y(t) to zero of the scalar system

x(t+ 1) = αx(t) + βu(t)

y(t) = x(t)
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Integral action and∆u-formulation

• Design an unconstrainedMPC controller with horizonN = 1

∆u(t) = argmin∆u0
∆u2

0 + ρy21
s.t. ∆u0 = u0 − u(t− 1)

y1 = x1 = αx(t) + β(∆u0 + u(t− 1))

• By substitution, we get

∆u(t) = argmin∆u0 ∆u2
0 + ρ(αx(t) + βu(t− 1) + β∆u0)

2

= argmin∆u0
(1 + ρβ2)∆u2

0 + 2βρ(αx(t) + βu(t− 1))∆u0

= − βρα
1+ρβ2x(t)− ρβ2

1+ρβ2u(t− 1)

• Since x(t) = y(t) and u(t) = u(t− 1) + ∆u(t)we get the linear controller

u(t) = −
ρβα

1+ρβ2 z

z − 1
1+ρβ2

y(t) No pole in z = 1

• Reason: MPC gives a feedback gain on both x(t) and u(t− 1), not just on x(t)
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Measured disturbances
• Measured disturbance v(t) = input that is measured but not manipulated{

xk+1 = Axk +Buk +Bvv(t)

yk = Cxk +Dvv(t)

xk = Akx0 +

k−1∑
j=0

AjBuk−1−j +AjBvv(t)

u(t)

v(t)

process

manipulated 
variables

measured 
disturbances

outputs

y(t)

state

x(t)

• Same performance index, same constraints. We still have aQP:

min
z

1
2z

′Hz + [x′(t) r′(t) u′(t− 1) v′(t)]F ′z

s.t. Gz ≤ W + S


x(t)

r(t)

u(t− 1)

v(t)


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Anticipative action (a.k.a. "preview")

min
∆U

N−1∑
k=0

∥W y(yk+1 − rk+1)∥22 + ∥W∆u∆u(k)∥22

• Reference not known in advance
(causal):

rk ≡ r(t), ∀k = 0, . . . , N − 1

use	r(t) use	r(t+k)

• Future refs (partially) known in
advance (anticipative action):

rk = r(t+ k), ∀k = 0, . . . , N − 1

use	r(t) use	r(t+k)

go to demo mpcpreview.m (MPC Toolbox)

• Same idea also applies for preview ofmeasured disturbances
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Soft constraints
• Relax output constraints to prevent QP infeasibility

min
z

N−1∑
k=0

∥W y(yk+1 − r(t))∥22 + ∥W∆u∆uk∥22 + ρϵϵ
2

subj. to xk+1 = Axk +Buk, k = 0, . . . , N − 1

umin ≤ uk ≤ umax, k = 0, . . . , N − 1

∆umin ≤ ∆uk ≤ ∆umax, k = 0, . . . , N − 1

ymin − ϵVmin ≤ yk ≤ ymax + ϵVmax, k = 1, . . . , N

z =

 ∆u(0)

...
∆u(N−1)

ϵ



• ϵ = “panic” variable, with weight ρϵ ≫ W y,W∆u

• Vmin, Vmax = vectors with entries≥ 0. The larger the i-th entry of vector V , the

relatively softer the corresponding i-th constraint

• Infeasibility can be due to:
– modeling errors

– disturbances

– wrongMPC setup (e.g., prediction horizon is too short)
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MPC theory

• After the industrial success ofMPC, a lot of research done:

– linearMPC⇒ linear predictionmodel

– nonlinearMPC⇒ nonlinear predictionmodel

– robustMPC⇒ uncertain (linear) predictionmodel

– stochasticMPC⇒ stochastic predictionmodel

– distributed/decentralizedMPC⇒multipleMPCs cooperating together

– economicMPC⇒MPCbased on arbitrary (economic) performance indices

– hybridMPC⇒ predictionmodel integrating logic and dynamics

– explicitMPC⇒ off-line (exact/approximate) computation ofMPC

– solvers forMPC⇒ on-line numerical algorithms for solvingMPC problems

• Main theoretical issues: feasibility, stability, solution algorithms (Mayne, 2014)
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Feasibility

min
z

N−1∑
k=0

∥W y(yk+1 − r(t))∥2 + ∥W∆u∆uk∥2

subj. to umin ≤ uk ≤ umax, k = 0, . . . , N − 1

ymin ≤ yk ≤ ymax, k = 1, . . . , N

∆umin ≤ ∆uk ≤ ∆umax, k = 0, . . . , N − 1

QP problem

• Feasibility: Will the QP problem be feasible at all sampling instants t?

• Input constraints only: always feasible if u/∆u constraints are consistent

• Hard output constraints:

– WhenN <∞ there is no guarantee that theQP problemwill remain feasible at all

t, even in the nominal case

– Maximumoutput admissible set theory:N <∞ is enough (Gutman, Ckwikel, 1987)

(Gilbert, Tan, 1991) (Chmielewski, Manousiouthakis, 1996) (Kerrigan,Maciejowski, 2000)
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Basic convergence properties
(Keerthi, Gilbert, 1988) (Bemporad, Chisci, Mosca, 1994)

• Theorem: Let theMPC law be based on

V ∗(x(t)) = min

N−1∑
k=0

x′
kQxk + u′

kRuk

s.t. xk+1 = Axk +Buk

umin ≤ uk ≤ umax

ymin ≤ Cxk ≤ ymax

xN = 0 ← “terminal constraint”

withR,Q ≻ 0, umin < 0 < umax, ymin < 0 < ymax.

If the optimization problem is feasible at time t = 0 then

lim
t→∞

x(t) = 0, lim
t→∞

u(t) = 0

and the constraints are satisfied at all time t ≥ 0, for allR,Q ≻ 0.

• Manymore convergence and stability results exist (Mayne, 2014)
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Convergence proof

Proof: Main idea: use the value function V ∗(x(t)) as a Lyapunov-like function

• Let zt = optimal control sequence at time t, zt = [ut
0 . . . ut

N−1]
′

• By construction z̄t+1 = [ut
1 . . . ut

N−1 0]
′ is a feasible sequence at time t+ 1

• The cost of z̄t+1 is V ∗(x(t))− x′(t)Qx(t)− u′(t)Ru(t) ≥ V ∗(x(t+ 1))

• V ∗(x(t)) is monotonically decreasing and≥ 0, so ∃ limt→∞ V ∗(x(t)) , V∞

• Hence

0 ≤ x′(t)Qx(t) + u′(t)Ru(t) ≤ V ∗(x(t))− V ∗(x(t+ 1)) → 0 for t → ∞

• SinceR,Q ≻ 0, limt→∞ x(t) = 0, limt→∞ u(t) = 0

Reaching the global optimum is not needed to prove convergence!
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ymax

yk

uk

t t+Nu t+Nt+Nc

Control and constraint horizons

min
z

N−1∑
k=0

∥W y(yk − r(t))∥22 + ∥W∆u∆uk∥22 + ρϵϵ
2

subj. to umin ≤ uk ≤ umax, k = 0, . . . , N − 1

∆umin ≤ ∆uk ≤ ∆umax, k = 0, . . . , N − 1

∆uk = 0, k = Nu, . . . , N − 1

ymin − ϵVmin ≤ yk ≤ ymax + ϵVmax, k = 1, . . . , Nc

• The input horizonNu limits the number
of free variables

– Reduced performance

– Reduced computation time

typicallyNu = 1÷ 5

• The constraint horizonNc limits the number of constraints

– Higher chance of violating output constraints

– Reduced computation time
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MPC and Linear Quadratic Regulation (LQR)

• Special case: J(z, x0) = x′
NPxN +

∑N−1
k=0 x′

kQxk + u′
kRuk ,Nu = N , with

matrixP solving the Algebraic Riccati Equation

P = A′PA−A′PB(B′PB +R)−1B′PA+Q

Jacopo Francesco Riccati

(1676–1754)

(unconstrained)MPC= LQR for any choice of the prediction horizonN

Proof: : Easily follows fromBellman’s principle of optimality (dynamic

programming): x′
NPxN = optimal “cost-to-go” from timeN to∞.
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MPC and Constrained LQR
• Consider again the constrainedMPC law based onminimizing

min
z

x′
NPxN +

N−1∑
k=0

x′
kQxk + u′

kRuk

s.t. umin ≤ uk ≤ umax, k = 0, . . . , N − 1

ymin ≤ yk ≤ ymax, k = 1, . . . , N

uk = Kxk, k = Nu, . . . , N − 1

• ChoosematrixP and terminal gainK by solving the LQR problem

K = −(R+B′PB)−1B′PA

P = (A+BK)′P (A+BK) +K ′RK +Q

• In a polyhedral region around the origin, constrainedMPC = constrained LQR

for any choice of the prediction and control horizonsN ,Nu

(Sznaier, Damborg, 1987) (Chmielewski, Manousiouthakis, 1996) (Scokaert, Rawlings, 1998)

(Bemporad,Morari, Dua Pistikopoulos, 2002)

• The larger the horizonN , the larger the region whereMPC≡ constrained LQR
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Observer design for MPC
Process

Observer

Optimizer
reference

r(t) measured
outputs

state	estimate

u(t) y(t)

x(t)

x(t)

• Full state x(t) of process may not be available, only outputs y(t)

• Even if x(t) is available, noise should be filtered out

• Prediction and process models may be quite different

• The state x(t)may not have any physical meaning

(e.g., in case of model reduction or subspace identification)

We need to use a state observer

• Example: Luenberger observer x̂(t+ 1) = Ax̂(t) +Bu(t) + L(y(t)− Cx̂(t))

• Most often, aKalman filter based on the predictionmodel is used in practice
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Output integrators and offset-free tracking

• Add constant unknown disturbances onmeasured outputs:
xk+1 = Axk +Buk

dk+1 = dk
yk = Cxk + dk

• Use the extendedmodel to design a state observer (e.g., Kalman filter) that

estimates both the state x̂(t) and disturbance d̂(t) from y(t)

• Whywe get offset-free tracking in steady-state (intuitively):

– the observer makesCx̂(t) + d̂(t)→ y(t) (estimation error)

– theMPC controller makesCx̂(t) + d̂(t)→ r(t) (predicted tracking error)

– the combination of the twomakes y(t)→ r(t) (actual tracking error)

• In steady state, the term d̂(t) compensates for model mismatch

• Seemore on survey paper (Pannocchia, Gabiccini, Artoni, 2015)
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Frequency analysis of MPC (for small signals)

• UnconstrainedMPC gain + linear observer = linear dynamical system

• Closed-loopMPC analysis can be performed using standard frequency-domain

tools (e.g., Bode plots for sensitivity analysis)

u(t)  ym(t)  

r(t)  

Plant

MPC

x(t)  

x(t)  ^

>> sys=ss(mpcobj)
>> sys=tf(mpcobj)

returns the LTI object of theMPC controller

(when constraints are inactive)
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Controller matching
(Di Cairano, Bemporad, 2010)

• Given a desired linear controller u = Kdx, find a set of weightsQ,R, P

defining anMPC problem such that

−
[
I 0 . . . 0

]
H−1F = Kd

i.e., theMPC controller coincides withKd when the constraints are inactive

• Recall that theQPmatrices areH = 2(R̄+ S̄′Q̄S̄),F = 2S̄′Q̄T̄ , where

Q̄ =


Q 0 0 ... 0
0 Q 0 ... 0

...
...
. . .

...
...

0 ... 0 Q 0
0 0 ... 0 P

 , R̄ =

R 0 ... 0
0 R ... 0

...
...
. . .

...
0 ... 0 R

 , S̄ =

 B 0 ... 0
AB B ... 0

...
...

. . .
...

AN−1B AN−2B ... B

 , T̄ =

 A
A2

...
AN


• The above inverse optimality problem can be cast as a convex problem

(Di Cairano, Bemporad, 2010)
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Controller matching - Example

• Open-loop process: y(t) = 1.8y(t− 1) + 1.2y(t− 2) + u(t− 1)

• Constraints: −24 ≤ u(t) ≤ 24, y(t) ≥ −5

• Desired controller = PIDwith gainsKI = 0.248,KP = 0.752,KD = 2.237

u(t) = −
(
KII(t) +KP y(t) +

KD

Ts
(y(t)− y(t− 1))

)
I(t) = I(t− 1) + Tsy(t)

x(t) =

[
y(t−1)
y(t−2)
I(t−1)
u(t−1)

]

• Matching result (using inverse LQR):

Q∗ =

[
6.401 0.064 −0.001 0.020
0.064 6.605 0.006 0.080
−0.001 0.006 6.647 −0.020
0.019 0.080 −0.020 6.378

]
, R∗ = 1, P ∗ =

[
422.7 241.7 50.39 201.4
241.7 151.0 32.13 120.4
50.39 32.13 19.85 26.75
201.4 120.4 26.75 106.6

]
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Controller matching - Example

• Note: This is not trivially a

saturation of a PID controller. In

this case saturating the PID output

leads to closed-loop instability!

A generalization of the inverse LQR design results is ongoing

(Zanon, Bemporad, in preparation)
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Linear Time-Varying Model Predictive Control



LPV models

• Linear Parameter-Varying (LPV)model{
xk+1 = A(p(t))xk +B(p(t))uk +Bv(p(t))vk

yk = C(p(t))xk +Dv(p(t))vk

that depends on a vector p(t) of parameters

• Theweights in the quadratic performance index can also be LPV

• The resulting optimization problem is still a QP

min
z

1

2
z′H(p(t))z +

[
x(t)
r(t)

u(t−1)

]′
F (p(t))′z

s.t. G(p(t))z ≤ W (p(t)) + S(p(t))

[
x(t)
r(t)

u(t−1)

]

• TheQPmatrices must be constructed online, contrarily to the LTI case
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Linearizing a nonlinear model: LPV case
• An LPVmodel can be obtained by linearizing the nonlinearmodel{

dxc(t)
dt = f(xc(t), uc(t), pc(t))

yc(t) = g(xc(t), pc(t))

• pc ∈ Rnp = a vector of exogenous signals (e.g., ambient conditions)
• At time t, let x̄c(t), ūc(t), p̄c(t) be nominal values, that we assume
constant in prediction, and linearize

d

dτ
(xc(t+ τ)− x̄c(t)) =

d

dτ
(xc(t+ τ)) ≃ ∂f

∂x

∣∣∣∣
x̄c(t),ūc(t),p̄c(t)︸ ︷︷ ︸

Ac(t)

(xc(t+ τ)− x̄c(t)) +

∂f

∂u

∣∣∣∣
x̄c(t),ūc(t),p̄c(t)︸ ︷︷ ︸

Bc(t)

(uc(t+ τ)− ūc(t)) + f(x̄c(t), ūc(t), p̄c(t))︸ ︷︷ ︸
Bvc(t)

·1

• Convert (Ac, [Bc Bvc]) to discrete-time and get predictionmodel (A, [B Bv])

• Same thing for the output equation to get matricesC andDv
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LTV models

• Linear Time-Varying (LTV)model{
xk+1 = Ak(t)xk +Bk(t)uk

yk = Ck(t)xk

• At each time t themodel can also change over the prediction horizon k

• Themeasured disturbance is embedded in themodel

• The resulting optimization problem is still a QP

min
z

1

2
z′H(t)z +

[
x(t)
r(t)

u(t−1)

]′
F (t)′z

s.t. G(t)z ≤ W (t) + S(t)

[
x(t)
r(t)

u(t−1)

]

• As for LPV-MPC, theQPmatrices must be constructed online
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Linearizing a nonlinear model: LTV case
• LPV/LTVmodels can be obtained by linearizing nonlinearmodels{

dxc(t)
dt = f(xc(t), uc(t), pc(t))

yc(t) = g(xc(t), pc(t))

• At time t, consider nominal trajectories

U = {ūc(t), ūc(t+ Ts), . . . , ūc(t+ (N − 1)Ts)}
(example: U = shifted previous optimal sequence or input ref. trajectory)

P = {p̄c(t), p̄c(t+ Ts), . . . , p̄c(t+ (N − 1)Ts)}
(no preview: p̄c(t+ k) ≡ p̄c(t))

• Integrate themodel and get nominal state/output trajectories

X = {x̄c(t), x̄c(t+ Ts), . . . , x̄c(t+ (N − 1)Ts)}
Y = {ȳc(t), ȳc(t+ Ts), . . . , ȳc(t+ (N − 1)Ts)}

• Examples: x̄c(t) = current state / equilibrium state / reference state
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Linearizing a nonlinear model: LTV case

• While integrating, also compute the sensitivities

Ak(t) =
∂x̄c(t+ (k + 1)Ts)

∂x̄c(t+ kTs)

Bk(t) =
∂x̄c(t+ (k + 1)Ts)

∂ūc(t+ kTs)

Ck(t) =
∂ȳc(t+ kTs)

∂x̄c(t+ kTs)

• Approximate the NLmodel as the LTVmodel
xk+1︷ ︸︸ ︷

xc(k + 1)− x̄c(k + 1) = Ak(t)

xk︷ ︸︸ ︷
(xc(k)− x̄c(k))+Bk(t)

uk︷ ︸︸ ︷
(uc(k)− ūc(k))

yc(k)− ȳc(k)︸ ︷︷ ︸
yk

= Ck(t) (xc(k)− x̄c(k))︸ ︷︷ ︸
xk

(the notation “(k)” is a shortcut for “(t+ kTs)”)
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Linearization and time-discretization
• Getting the discrete-time LTVmodelAk(t),Bk(t),Ck(t) requires to linearize
and discretize in time the nonlinear continuous-time dynamical model

dxc(t)

dt
= f(xc, uc, pc) ≈ f(x̄c, ūc, p̄c)︸ ︷︷ ︸

dx̄c
dt

+
∂f

∂xc

∣∣∣∣
x̄c,ūc,p̄c︸ ︷︷ ︸

Jacobian matrix Ac

(xc−x̄c)+
∂f

∂uc

∣∣∣∣
x̄c,ūc,p̄c︸ ︷︷ ︸

Jacobian matrix Bc

(uc−ūc)

• Let x = xc − x̄c, u = uc − ūc. We get the continuous-time linear system

dx

dt
= Acx+Bcu

• Similarly, we linearize the output equation and get

y = yc − ȳc ≈
∂g

∂xc

∣∣∣∣
x̄c,ūc,p̄c︸ ︷︷ ︸

Jacobian matrix C

x

• The continuous-time linear system (Ac, Bc, C) can be converted to a discrete-time

system (A,B,C)with sample time Ts
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Autonomous driving example

• Goal: Control longitudinal acceleration and steering angle of the vehicle

simultaneously for autonomous drivingwith obstacle avoidance

• Approach: MPC based on a bicycle-like kinematic model of the vehicle in

Cartesian coordinates

±

µ

L

v

x

y


ẋ = v cos(θ + δ)

ẏ = v sin(θ + δ)

θ̇ =
v

L
sin(δ)

(x, y) Cartesian position of front wheel v velocity at front wheel

θ vehicle orientation δ steering input

L vehicle length = 4.5m
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Autonomous driving example
• Let xn, yn, θn, vn, δn nominal states/inputs satisfying ẋn

ẏn
θ̇n

 =

 vn cos(θn + δn)

vn sin(θn + δn)
vn
L

sin(δn)

 feasible nominal trajectory

• Linearize themodel around the nominal trajectory: ẋ

ẏ

θ̇

 ≈

 ẋn

ẏn
θ̇n

+Ac

 x− xn

y − yn
θ − θn

+Bc

[
v − vn
δ − δn

]
linearized model

whereAc,Bc are the Jacobianmatrices

Ac =

 0 0 −vn sin(θn + δn)

0 0 vn cos(θn + δn)

0 0 0

 Bc =

 cos(θn + δn) −vn sin(θn + δn)

sin(θn + δn) vn cos(θn + δn)
1
L
sin(δn)

vn
L

cos(δn)



• Use first-order Euler method to discretize model:

A = I + TsAc, B = TsBc, Ts = 50ms
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Autonomous driving example

• Constraints on inputs and input variations∆vk = vk − vk−1,∆δk = δk − δk−1:

−20 ≤ v ≤ 70 km/h velocity constraint
−45 ≤ δ ≤ 45 deg steering angle
−5 ≤ ∆δ ≤ 5 rad steering angle rate

• Stage cost tominimize:

(x− xref)
2 + (y − yref)

2 +∆v2 +∆δ2

• Prediction horizon: N = 30 (prediction distance =NTsv, for example 25 m at 60 km/h)

• Control horizon: Nu = 4

• Preview on reference signals available
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Autonomous driving example

• Closed-loop simulation results
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Autonomous driving example

• Add position constraint y ≥ 0m
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From LTV-MPC to NL-MPC

• Key idea: Solve a sequence of LTV-MPC problems at the same time t

• Given the current state x(t) and reference {r(t+ k), ur(t+ k)}, initial guess
U0 = {u0

0, . . . , u
0
N−1} and corresponding state trajectoryX0 = {x0

0, . . . , x
0
N}

• A good initial guessU0, X0 is the previous (shifted) optimal solution

• At a generic iteration i, linearize the NLmodel aroundUi, Xi:{
xk+1 = f(xk, uk)

yk = g(xk)

Ai =
∂f(xi

0, u
i
0)

∂x
, Bi =

∂f(xi
0, u

i
0)

∂u
, Ci =

∂g(xi
0, u

i
0)

∂x
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Nonlinear MPC

For h = 0 to hmax − 1 do:

1. Simulate from x(t)with inputsUh, parameter sequenceP and get state

trajectoryXh and output trajectory Yh

2. Linearize around (Xh, Uh, P ) and discretize in timewith sample time Ts

3. LetU∗
h+1 be the solution of theQP problem corresponding to LTV-MPC

4. Find optimal step sizeαh ∈ (0, 1];

5. SetUh+1 = (1− αh)Uh + αhU
∗
h+1;

Return solutionUhmax

• Themethod above is aGauss-Newtonmethod to solve the NL-MPC problem

• Special case: just solve one iteration withα = 1 (a.k.a. Real-Time Iteration)

(Diehl, Bock, Schloder, Findeisen, Nagy, Allgower, 2002)
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Nonlinear MPC
(Gros, Zanon, Quirynen, Bemporad, Diehl, 2016)

• Example
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Fig. 7. Illustration of the RTI solution vs. the linear MPC solutions at the
discrete time instant i = 2, with state noise.
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Fig. 8. Illustration of the RTI solution vs. the linear MPC solutions in
closed-loop simulations, without state noise.
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Fig. 9. Illustration of the RTI solution vs. the linear MPC solutions in
closed-loop simulations, with state noise of covariance 0.1.

the system is readily described as a discrete dynamic system,
such as when the model is identified from input/output data,
computing f (x,u) and — f (x,u) is straightforward. However,
in many applications, the system dynamics are available in a
continuous form, typically as an Ordinary Differential Equa-
tion (ODE) of the form:

ẋ(t) = F (x(t),u(t)) . (23)

In this section, we will present a family of numerical meth-
ods for simulation and sensitivity generation. It is important
to stress that the well-known matrix exponential can also
be considered as such a method for numerical simulation.
However, depending on the system considered, other methods
might be more accurate and less computationally intensive.
We also want to stress the fact that several integration steps
can be taken inside each control interval in order to increase
the accuracy of the simulation. We will also sketch how the
sensitivities can be propagated in case multiple integration
steps are taken.

For the sake of simplicity we consider here an explicit
ODE having time-invariant dynamics, though the following
developments can be easily extended to the time-varying case
and to implicit ODE or Differential Algebraic Equation (DAE)
systems.

Let us consider a piecewise constant discretization of the
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black 
box

Prediction models for MPC

• Physics-based nonlinear models

• Use black-box system identification

algorithms to fit linear or nonlinear models to data

• Usemachine-learning techniques to get nonlinear

models (such neural networks) from data, with Jacobians

• Amix of the above (gray-boxmodels)

• Note: Computation complexity depends on chosenmodel,

need to trade off descriptiveness vs simplicity of themodel
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Learning nonlinear models for MPC
(Masti, Bemporad, 2018)

• Idea: use autoencoders and artificial neural networks to learn a nonlinear

state-spacemodel of desired order from input/output data

ANN with hourglass structure
(Hinton, Salakhutdinov, 2006)

dead-beat 
observer

output 
map

state map

Ok = [y′
k . . . y′

k−m]′

Ik = [y′
k . . . y′

k−na+1 u
′
k . . . u′

k−nb+1]
′
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LTV MPC

● The performance achieved with the derivative-based controller suggests that 
an LTV-MPC formulation might also works well. We also assess its 
robustness using a model achieving 61% BFR in open loop 

ODYS CONFIDENTIAL

Computation time per step: ~40ms

LTV-MPC results

Learning nonlinear models for MPC - An example
(Masti, Bemporad, 2018)

• System generating the data = nonlinear 2-tank benchmark

www.mathworks.com


x1(k + 1) = x1(k)− k1

√
x1(k) + k2(u(k) + w(k))

x2(k + 1) = x2(k) + k3
√

x1(k)− k4
√

x2(k)

y(k) = x2(k) + v(k)

Model is totally unknown to learning algorithm

• Artificial neural network (ANN): 3 hidden layers

60 exponential linear unit (ELU) neurons

• For given number of model parameters,

autoencoder approach is superior to NNARX

• Jacobians directly obtained fromANN structure

for Kalman filtering &MPC problem construction
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Embedded quadratic optimization for MPC



Embedded MPC and Quadratic Programming

• MPC based on linear models requires solving aQuadratic Program (QP)

min
z

1

2
z′Qz + x′(t)F ′z

s.t. Gz ≤ W + Sx(t)
z =


u0

u1

.

.

.
uN−1

 z*

(Beale, 1955)

A rich set of goodQP algorithms is available today

• Not all QP algorithms are suitable for industrial embedded control
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MPC in a production environment
Key requirements for deployingMPC in production:

mi
n

1
2
x

0
Q

x

+ c

0
x

s.t
.

A

x

 b

1. speed (throughput)

– worst-case execution time less than sampling interval

– also fast on average (to free the processor to execute other tasks)

2. limitedmemory and CPU power (e.g., 150MHz / 50 kB)

3. numerical robustness (single precision arithmetic)

4. certification of worst-case execution time

5. code simple enough to be validated/verified/certified

(library-free C code, easy to check by production engineers)
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Embedded solvers in industrial production

• MultivariableMPC controller

• Sampling frequency = 40Hz (= 1QP solved every 25ms)

• Vehicle operating≈1 hr/day for≈360 days/year on average

• Controller running on 10million vehicles

~520,000,000,000,000 QP/yr
and none of them should fail.
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Solution methods for QP

• Most used algorithms for solving QP problems:

– active setmethods

– interior-pointmethods

– gradient projectionmethods

– alternating directionmethod ofmultipliers

(ADMM)

– …

minz
1
2z

′Qz + x′F ′z

s.t. Gz ≤ W + Sx

Quadratic Program (QP)

z*

• A useful performance comparisons of many solvers can be found at

http://plato.la.asu.edu/bench.html

• Hybrid toolbox: >> x=qpsol(Q,f,A,b,VLB,VUB,x0,solver)
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KKT optimality conditions for QP
• Quadratic programming problem

minz
1

2
z′Qz + x′F ′z

s.t. Gz ≤ W + Sx

Ez = f

• Karush-Kuhn-Tucker (KKT) conditions:

Qz + Fx+G′λ+ E′ν = 0

Ez = f

Gz ≤ W + Sx

λ ≥ 0

λ′(Gz −W − Sx) = 0

• Necessary and sufficient conditions for optimality (Q ≽ 0)

WilliamKarush

(1917–1997)

HaroldW. Kuhn

(1925–2014)

AlbertW. Tucker

(1905–1995)
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Dual gradient projection for QP
• Consider the strictly convexQP and its dual

min 1
2z

′Qz + x′F ′z

s.t. Gz ≤ W + Sx

min 1
2y

′Hy + (Dx+W )′y

s.t. y ≥ 0

withH = GQ−1G′,D = S +GQ−1F . TakeL ≥ 1
λmax(H)

• Apply proximal gradientmethod to dual QP: (Combettes,Waijs, 2005)

yk+1 = max{yk− 1

L
(Hyk+Dx+W ), 0} y0 = 0

• Primal solution: zk = −Q−1(Fx+G′yk)

• Also works in fixed-point arithmetic (Patrinos, Guiggiani, Bemporad, 2015)

• Convergence is slow: the initial error f(z0)− f(z∗) reduces as 1/k
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Fast gradient projection
(Nesterov, 1983) (Patrinos, Bemporad, 2014)

• Solve (dual) QP by fast gradientmethod

min
z

1

2
z′Qz + x′F ′z

s.t. Gz ≤ W + Sx

K = Q−1G′

g = Q−1Fx

L ≥ 1
λmax(GQ−1G′)

βk = max{ k−1
k+2

, 0}

wk = yk + βk(y
k − yk−1)

zk = −Kwk − g

sk = 1
LGzk − 1

L (W + Sx)

yk+1 = max
{
wk + sk, 0

}

while k<maxiter
beta=max((k-1)/(k+2),0);
w=y+beta*(y-y0);
z=-(iMG*w+iMc);
s=GL*z-bL;

y0=y;

% Termination
if all(s<=epsGL)
gapL=-w'*s;
if gapL<=epsVL

return
end

end

y=w+s;
k=k+1;

end

• Very simple to code

• Convergence rate: f(xk)− f(x∗) ≤ 2L

(k + 2)2
∥z0 − z∗∥22

(Necoara, Nesterov, Glineur, 2018)

• Tight bounds onmaximum number of iterations can be computed
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ADMM
(Gabay,Mercier, 1976) (Glowinski, Marrocco, 1975) (Douglas, Rachford, 1956) (Boyd et al., 2010)

• Alternating DirectionsMethod ofMultipliers for QP
min 1

2
z′Qz + c′z

s.t. ℓ ≤ Az ≤ u

zk+1 = −(Q+ ρA′A)−1(ρA′(uk − sk) + c)

sk+1 = min{max{Azk+1 + uk, ℓ}, u}
uk+1 = uk +Axk+1 − sk+1

ρu = dual vector

while k<maxiter
k=k+1;
z=-iM*(c+A'*(rho*(u-s)));
Az=A*z;
s=max(min(Az+u,ub),lb);
u=u+Az-s;

end

(7 lines EML code)

(≈40 lines of C code)

• Very simple to code

• Sensitive tomatrix scaling (as gradient projection)

• Used inmany applications (control, signal processing, machine learning)
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Regularized ADMM for quadratic programming
(Banjac, Stellato, Moehle, Goulart, Bemporad, Boyd, 2017)

• Robust “regularized” ADMM iterations:

zk+1 = −(Q+ ρATA+ ϵI)−1(c− ϵzk + ρAT (uk − zk))

sk+1 = min{max{Azk+1 + yk, ℓ}, u}
uk+1 = uk +Azk+1 − sk+1

• Works for anyQ ≽ 0,A, and choice of ϵ > 0

• Simple to code, fast, and robust

• Only needs to factorize

[
Q+ ϵI A′

A − 1
ρ
I

]
once

• Implemented in free osQP solver http://osqp.org
(Python interface:≈ 800,000 downloads)
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ODYS QP solver

• QP solver designed for industrial production, MPC-specific version available

min
z

1

2
z′Qz + c′z

s.t. Az ≤ b

Ez = f

• Implements a proprietary state-of-the-art method for QP

• Emphasis on robustness (especially in single precision), speed of execution, low

memory requirements

• Written inANSI-C, compliant withMISRA-C 2012 standards

• Currently used for production by somemajor OEMs

http://odys.it/qp
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Can we solve QP’s using least squares ?

The least squares (LS) problem is probably the

most studied problem in numerical linear algebra

z∗ = argmin ∥Az − b∥22

InMATLAB: >> z=A\b (one character !)

Adrien-Marie Legendre

(1752–1833)

Carl Friedrich Gauss

(1777–1855)

Nonnegative Least Squares (NNLS)
(Lawson, Hanson, 1974)

minx ∥Az − b∥22
s.t. z ≥ 0

(750 chars in Embedded MATLAB)

Bounded-Variable Least Squares (BVLS)
(Stark,Parker, 1995)

minz ∥Az − b∥22
s.t. ℓ ≤ z ≤ u

SeeNilay’s next talk
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Solving QP’s via nonnegative least squares
(Bemporad, 2016)

• Complete the squares and transformQP to least distance problem (LDP)

min
z

1
2z

′Qz + c′z

s.t. Gz ≤ g

Q = Q′ ≻ 0

Q = L′L

u , Lz + L−T c

min
u

1
2∥u∥

2

s.t. Mu ≤ d

• An LDP can be solved by the NNLS (Lawson, Hanson, 1974)

min
y

1

2

∥∥∥∥∥
[
M ′

d′

]
y +

[
0

1

]∥∥∥∥∥
2

2

s.t. y ≥ 0

M = GL−1

d = b+GQ−1c

• If residual= 0 thenQP is infeasible. Otherwise set

z∗ = − 1

1 + d′y∗
L−1M ′y∗ −Q−1c
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total number of active-set iterations

as a function of ϵ

Robust QP solver based on NNLS
(Bemporad, 2018)

• QP solver based onNNLS is not very robust numerically

• Key idea: Solve a sequence of QP via NNLSwithin proximal-point iterations

zk+1 = argminz
1
2z

′Qz + c′z + ϵ
2∥z − zk∥22

s.t. Az ≤ b

Gx = g

• Numerical robustness: Q+ ϵI can be arbitrarily well conditioned !

• Choice of ϵ is not critical

• EachQP is heavily warm-started andmakes very few active-set changes

• Recursive LDLT decompositions/rank-1 updates exploited for max efficiency
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Solving QP’s via NNLS and proximal point iterations

(Bemporad, 2018)

single precision arithmetic

30 vars, 100 constraints
(Macbook Pro 3 GHz Intel Core i7)
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Active-set vs interior-point methods

• IP needs advanced linear algebra operations during iterations, AS does not

• Linear systems to solve in IP tend to become ill-conditioned at convergence

• IP provides good solutions within 10-15 IP iterations (usually ...).

AS iterations increase when both vars and constraints increase

• IP faster than AS in QPswith say >500 vars & constraints. IP well exploits

sparse linear algebra

• Number of AS iterations can be exactly certified for givenQPmatrices

(see later ...)

(see more in Nocedal-Wright's book, pp. 485 and 592-593)
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YES !

MPC without on-line QP

prediction model

model-based optimizer

set-points outputsinputs

measurements

r(t) u(t) y(t)

optimization  
algorithm

process

m
in

1
2
x
0 Q
x
+
c
0 x

s.t
.

A
x

b

• Canwe implement constrained linearMPC

without an on-lineQP solver ?
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On-Line vs off-line optimization

min
z

1

2
z′Qz + x′(t)F ′z+

1

2
x′(t)Y x(t)

s.t. Gz ≤ W + Sx(t)
z =


u0

u1

...

uN−1


• On-line optimization: given x(t) solve the problem at each time step t (the

control law u = u∗
0(x) is implicitly defined by theQP solver)

Quadratic Programming (QP)

• Off-line optimization: solve theQP in advance for all x(t) in a given range to

find the control law u = u∗
0(x) explicitly

multi-parametric Quadratic Programming (mpQP)
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Properties of mpQP solution
(Bemporad,Morari, Dua, Pistikopoulos, 2002)

Theorem

AssumeH ≻ 0,
[
H F
F ′ Y

]
≽ 0. Then

• the set of feasible parametersX∗ is a polyhedron

X∗ = {x ∈ Rn : z∗(x) exists}

• the optimizer function z∗ : X∗ → Rs is continuous and piecewise affine

z∗(x) = argminz
1
2z

′Qz + x′F ′z

s.t. Gz ≤ W + Sx

• the value function V ∗ : X∗ → R is convex, continuous, piecewise quadratic, and
(even C1 if no degeneracy occurs)

V ∗(x) = 1
2x

′Qx+minz
1
2x

′Hz + x′F ′z

s.t. Gz ≤ W + Sx
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Explicit MPC solution
(Bemporad,Morari, Dua, Pistikopoulos, 2002)

• Corollary: since themultiparametric solution

z∗(x) = argminz
1
2z

′Qz + x′F ′z

s.t. Gz ≤ W + Sx

of a strictly convexQP is continuous and piecewise affine,

the linearMPC law is continuous & piecewise affine too

z
∗
=


u0

u1

.

.

.

u∗
N−1

 u∗
0(x) =


F1x+ g1 if H1x ≤ K1

...
...

FMx+ gM if HMx ≤ KM It’s
 jus

t a w
hile 

loop
!
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252 regions 39 regions

Complexity reduction

• We are interested only in the first components of the optimizer z∗

z(x) ,
[
u′
0(x) u′

1(x) . . . u′
N−1(x)

]
• Regions where the first component of the solution is the same can be joined if

their union is convex (Bemporad, Fukuda, Torrisi, 2001)

• Optimal mergingmethods exist

(Geyer, Torrisi, Morari, 2008)
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<latexit sha1_base64="uaL+GkKrpyxI1z0LjwFSJbbw1Y8=">AAABpXicZY/LTsJAFIZP8Yb1QlV2biYSIzGRtGx0ZUA3bkww4ZZQbKbDAScM02ZmariEd3Grb+TbWC4b5F99Of85yXfCWHBtXPfXyuzs7u0fZA/to+OT05xzdt7UUaIYNlgkItUOqUbBJTYMNwLbsUI6CgW2wuHzom99otI8knUzibE7ogPJ+5xRk44CJ+93bEKqAR+/396FAX90bb8bOAW35C5DtsFbQ6GSh2VqgTP1exFLRigNE1TrmRa8h3pu+4nGmLIhHeCs+hQYHMcRl2aj6CSm/9CdcRknBiWbk+u06yeCmIgslEmPK2RGTFKgTHHDGWEfVFFm0sfsVNb7r7YNzXLJc0veW7lQKa6sIQuXcAVF8OAeKvACNWgAgyl8wTf8WDfWq1W3mqvVjLW+uYCNWMEf0FJv6Q==</latexit><latexit sha1_base64="uaL+GkKrpyxI1z0LjwFSJbbw1Y8=">AAABpXicZY/LTsJAFIZP8Yb1QlV2biYSIzGRtGx0ZUA3bkww4ZZQbKbDAScM02ZmariEd3Grb+TbWC4b5F99Of85yXfCWHBtXPfXyuzs7u0fZA/to+OT05xzdt7UUaIYNlgkItUOqUbBJTYMNwLbsUI6CgW2wuHzom99otI8knUzibE7ogPJ+5xRk44CJ+93bEKqAR+/396FAX90bb8bOAW35C5DtsFbQ6GSh2VqgTP1exFLRigNE1TrmRa8h3pu+4nGmLIhHeCs+hQYHMcRl2aj6CSm/9CdcRknBiWbk+u06yeCmIgslEmPK2RGTFKgTHHDGWEfVFFm0sfsVNb7r7YNzXLJc0veW7lQKa6sIQuXcAVF8OAeKvACNWgAgyl8wTf8WDfWq1W3mqvVjLW+uYCNWMEf0FJv6Q==</latexit><latexit sha1_base64="uaL+GkKrpyxI1z0LjwFSJbbw1Y8=">AAABpXicZY/LTsJAFIZP8Yb1QlV2biYSIzGRtGx0ZUA3bkww4ZZQbKbDAScM02ZmariEd3Grb+TbWC4b5F99Of85yXfCWHBtXPfXyuzs7u0fZA/to+OT05xzdt7UUaIYNlgkItUOqUbBJTYMNwLbsUI6CgW2wuHzom99otI8knUzibE7ogPJ+5xRk44CJ+93bEKqAR+/396FAX90bb8bOAW35C5DtsFbQ6GSh2VqgTP1exFLRigNE1TrmRa8h3pu+4nGmLIhHeCs+hQYHMcRl2aj6CSm/9CdcRknBiWbk+u06yeCmIgslEmPK2RGTFKgTHHDGWEfVFFm0sfsVNb7r7YNzXLJc0veW7lQKa6sIQuXcAVF8OAeKvACNWgAgyl8wTf8WDfWq1W3mqvVjLW+uYCNWMEf0FJv6Q==</latexit><latexit sha1_base64="F2ryIY5D27GOPD9bj9M5uyzveXc=">AAABpXicZY/LSsNAFIZP6q3GW7zs3AwWsQiWpBtdSasbN0KF3qCpYTI9rUMnMyEzkV7ou7jVN/JtTDWb2n/1cf5z4DthLLg2rvttFTY2t7Z3irv23v7B4ZFzfNLWKk0YtpgSKumGVKPgEluGG4HdOEEahQI74fhx2XfeMdFcyaaZxtiP6EjyIWfUZKPAOfN7NiH1gE9er2/CgN+7tt8PnJJbcX9D1sHLoQR5GoEz8weKpRFKwwTVeq4FH6Be2H6qMaZsTEc4rz8EBiex4tKsFL3UDO/6cy7j1KBkC3KZdcNUEKPIUpkMeILMiGkGlCXccEbYG00oM9ljdibr/Vdbh3a14rkV76VaqpVz7SKcwwWUwYNbqMETNKAFDGbwAZ/wZV1Zz1bTav+tFqz85hRWYgU/exZvlQ==</latexit>

Ajx
⇤ � bj < 0

<latexit sha1_base64="KjW0RzSqaV8bl2JRQ3t0/1pdTZE=">AAABpXicZY/LTsJAFIbPeMV6q8rOzURiJCaSlo0uXIBu3Jhgwi2hOJkOBxwY2qYzNVzCu7jVN/JtLJcN8q++nP+c5Dt+pKQ2jvNLtrZ3dvf2MwfW4dHxyal9dl7XYRILrIlQhXHT5xqVDLBmpFHYjGLkQ19hwx88z/vGJ8ZahkHVjCNsD3kvkF0puElHzM56LYvSMuuP3m/vfNZ/dCyvzeycU3AWoZvgriBXysIiFWZPvE4okiEGRiiu9VQr2UE9s7xEY8TFgPdwWn5iBkdRKAOzVrQS031oT2UQJQYDMaPXaddNFDUhnSvTjoxRGDVOgYtYGimo+OAxFyZ9zEpl3f9qm1AvFlyn4L4Vc6X80hoycAlXkAcX7qEEL1CBGgiYwBd8ww+5Ia+kSurL1S2yurmAtRD2B9Bbb+k=</latexit><latexit sha1_base64="KjW0RzSqaV8bl2JRQ3t0/1pdTZE=">AAABpXicZY/LTsJAFIbPeMV6q8rOzURiJCaSlo0uXIBu3Jhgwi2hOJkOBxwY2qYzNVzCu7jVN/JtLJcN8q++nP+c5Dt+pKQ2jvNLtrZ3dvf2MwfW4dHxyal9dl7XYRILrIlQhXHT5xqVDLBmpFHYjGLkQ19hwx88z/vGJ8ZahkHVjCNsD3kvkF0puElHzM56LYvSMuuP3m/vfNZ/dCyvzeycU3AWoZvgriBXysIiFWZPvE4okiEGRiiu9VQr2UE9s7xEY8TFgPdwWn5iBkdRKAOzVrQS031oT2UQJQYDMaPXaddNFDUhnSvTjoxRGDVOgYtYGimo+OAxFyZ9zEpl3f9qm1AvFlyn4L4Vc6X80hoycAlXkAcX7qEEL1CBGgiYwBd8ww+5Ia+kSurL1S2yurmAtRD2B9Bbb+k=</latexit><latexit sha1_base64="KjW0RzSqaV8bl2JRQ3t0/1pdTZE=">AAABpXicZY/LTsJAFIbPeMV6q8rOzURiJCaSlo0uXIBu3Jhgwi2hOJkOBxwY2qYzNVzCu7jVN/JtLJcN8q++nP+c5Dt+pKQ2jvNLtrZ3dvf2MwfW4dHxyal9dl7XYRILrIlQhXHT5xqVDLBmpFHYjGLkQ19hwx88z/vGJ8ZahkHVjCNsD3kvkF0puElHzM56LYvSMuuP3m/vfNZ/dCyvzeycU3AWoZvgriBXysIiFWZPvE4okiEGRiiu9VQr2UE9s7xEY8TFgPdwWn5iBkdRKAOzVrQS031oT2UQJQYDMaPXaddNFDUhnSvTjoxRGDVOgYtYGimo+OAxFyZ9zEpl3f9qm1AvFlyn4L4Vc6X80hoycAlXkAcX7qEEL1CBGgiYwBd8ww+5Ia+kSurL1S2yurmAtRD2B9Bbb+k=</latexit><latexit sha1_base64="5fXbw0ir3AutZnAPy2YKp7Hmrk8=">AAABpXicZY/LTsJAFIZP8Yb1Vi87NxOJkZhIWja6cAG6cWOCCbeE4mQ6HHBgmDadqeES3sWtvpFvY9FukH/15fznJN8JIim0cd1vK7exubW9k9+19/YPDo+c45OmDpOYY4OHMozbAdMohcKGEUZiO4qRjQOJrWD0uOxb7xhrEaq6mUbYHbOBEn3BmUlH1DnzOzYhVTqcvF7fBHR479p+lzoFt+T+hqyDl0EBstSoM/N7IU/GqAyXTOu5lqKHemH7icaI8REb4Lz6QA1OolAos1J0EtO/686FihKDii/IZdr1E0lMSJbKpCdi5EZOU2A8FkZwwt9YzLhJH7NTWe+/2jo0yyXPLXkv5UKlmGnn4RwuoAge3EIFnqAGDeAwgw/4hC/rynq26lbzbzVnZTensBKL/gB7H2+V</latexit>

Removing redundant inequalities via LP

• A variety of multiparametric quadratic programming solvers is available

(Bemporad et al., 2002) (Baotic, 2002) (Tøndel, Johansen, Bemporad, 2003) (Jones, Morari, 2006)

(Spjøtvold et al., 2006) (Patrinos, Sarimveis, 2010) (Gupta et al., 2011)

• Most computations are spent in removing

redundant inequalities

• This is usually done by solving a linear program

(LP) per facet:

0 ≥ maxx Aix− bi
s.t. Ajx ≤ bj , ∀j ̸= i

Aix ≤ bi is redundant

(ifmaxx Aix− bi = 0 the inequality isweakly redundant)

©2019 A. Bemporad - MPC Workshop - CDC'19 83/95



Removing redundant inequalities via NNLS
(Bemporad, 2015)

• Key result: A polyhedronP = {u ∈ Rn : Au ≤ b} is nonempty
iff the partially NNLS problem

(v∗, u∗) = argminv,u ∥v +Au− b∥22
s.t. v ≥ 0, u free

Aju
 bj

Aiu  bi

redundant non 
redundant

Au  b

has zero residual ∥v∗ +Au∗ − b∥22 = 0

• Checking emptyness of facetPi = {x : Aix = bi, Ajx ≤ bj} via NNLS is
about 10x faster than by linear programming

• Note: very high precision typically required in computational geometry, so

active-set methods are preferable to first-order and interior-point methods
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Multiparametric QP based on NNLS
(Bemporad, 2015)

• Other polyhedral operations can be also solve by NNLS (check full dimension,

Chebychev radius, union, projection)

• NewmpQP algorithm based onNNLS + dual QP formulation to compute active

sets and deal with QP degeneracy

• Comparable performance with other existingmethods:

– Hybrid Toolbox (Bemporad, 2003)

– MPTToolbox 2.6 (w/ default opts)

(Kvasnica, Grieder, Baotic, 2004)

(Herceg, Kvasnica, Jones, Morari, 2013)

q m Hybrid Tbx MPT NNLS

4 2 0.0174 0.0256 0.0026
4 6 0.0827 0.1105 0.0126

12 2 0.0398 0.0387 0.0054

12 6 1.2453 1.3601 0.2426

20 2 0.1029 0.0763 0.0152

20 6 6.1220 6.2518 1.2853

• Included inMPCToolbox since version R2014b

(Bemporad,Morari, Ricker, 1998-present)
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Double integrator example

• Model and constraints:

{
x(t+ 1) = [ 1 1

0 1 ]x(t) + [ 01 ]u(t)

y(t) = [ 1 0 ]x(t)

−1 ≤ u(t) ≤ 1
• Objective:

min

∞∑
k=0

y2k+
1

100
u2
k

uk = Kxk, ∀k ≥ Nu, K = LQR gain

Nu = N = 2(∑1
k=0 y

2
k + 1

100u
2
k

)
+ x′

2 [ 2.1429 1.2246
1.2246 1.3996 ]︸ ︷︷ ︸

solution of algebraic
Riccati equation

x2

• QPmatrices (cost function normalized bymax singular value ofH)

H = [ 0.8365 0.3603
0.3603 0.2059 ] , F = [ 0.4624 1.2852

0.1682 0.5285 ]

G =

[
1 0
−1 0
0 1
0 −1

]
, W =

[
1
1
1
1

]
, S =

[
0 0
0 0
0 0
0 0

]
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Double integrator example - Explicit solution

Nu = 2

u(x) =



[−0.8166 −1.75 ]x if

[−0.8166 −1.75
0.8166 1.75
0.6124 0.4957
−0.6124 −0.4957

]
x ≤

[
1
1
1
1

]
(Region #1)

1 if [ 0.3864 1.074
0.297 0.9333 ]x ≤

[−1
−1

]
(Region #2)

1 if
[−0.297 −0.9333

0.8166 1.75
0.9712 2.699

]
x ≤

[
1
−1
−1

]
(Region #3)

[−0.5528 −1.536 ]x+ 0.4308 if
[−0.9712 −2.699

0.3864 1.074
0.6124 0.4957

]
x ≤

[
1
1
−1

]
(Region #4)

− 1 if
[−0.3864 −1.074

−0.297 −0.9333

]
x ≤

[−1
−1

]
(Region #5)

− 1 if
[

0.297 0.9333
−0.8166 −1.75
−0.9712 −2.699

]
x ≤

[
1
−1
−1

]
(Region #6)

[−0.5528 −1.536 ]x− 0.4308 if
[−0.3864 −1.074

0.9712 2.699
−0.6124 −0.4957

]
x ≤

[
1
1
−1

]
(Region #7)

go to demo linear/doubleintexp.m (Hybrid Toolbox)
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(is the number of regions finite forNu →∞ ?)

Double integrator example - Explicit solution

Nu = 3 Nu = 4 Nu = 5

Nu = 6
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Applicability of explicit MPC

• Consider the following generalMPC formulation

min
z

N−1∑
k=0

1

2
(yk − r(t+ k))′S(yk − r(t+ k)) +

1

2
∆u′

kT∆uk

+ (uk − ur(t+ k))′V (uk − ur(t+ k))′ + ρϵϵ
2

subj. to xk+1 = Axk +Buk +Bvv(t+ k), k = 0, . . . , N − 1

yk = Cxk +Duk +Dvv(t+ k), k = 0, . . . , N − 1

umin(t+ k) ≤ uk ≤ umax(t+ k), k = 0, . . . , N − 1

∆umin(t+ k) ≤ ∆uk ≤ ∆umax(t+ k), k = 0, . . . , N − 1

ymin(t+ k)− ϵVmin ≤ yk ≤ ymax(t+ k) + ϵVmax, k = 1, . . . , N

x0 = x(t)

• Everythingmarked in red can be time-varying in explicit MPC

• Not applicable to time-varyingmodels andweights
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Complexity of multiparametric solutions

• Number nr of regions = # optimal combinations of active constraints:

– mainly depends on the number q of constraints: nr ≤
q∑

h=0

(
q

h

)
= 2q

(this is a worst-case estimate, most of the combinations are never optimal!)

– also depends on the number s of free variables

– weakly depends on the numbern of parameters (states + references)

states/horizon N = 1 N = 2 N = 3 N = 4 N = 5

n=2 3 6.7 13.5 21.4 19.3

n=3 3 6.9 17 37.3 77

n=4 3 7 21.65 56 114.2

n=5 3 7 22 61.5 132.7

n=6 3 7 23.1 71.2 196.3

n=7 3 6.95 23.2 71.4 182.3

n=8 3 7 23 70.2 207.9
average on 20 random SISO systemsw/ input saturation #	con

strain
ts

#	states

#	regions
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?
Complexity of multiparametric solutions
• The number of regions is (usually) exponential with the

number of possible combinations of active constraints

• Toomany regionsmake explicit MPC less attractive, due tomemory (storage of

polyhedra) and throughput requirements (time to locate x(t))

When is explicit MPC preferable to on-line QP (=implicit MPC) ?
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Complexity certification for active-set QP solvers
(Cimini, Bemporad, IEEE TAC, 2017)

• Consider a dual active-set QPmethod for solving theQP

z∗(x) = argminz
1
2z

′Qz + x′F ′z

s.t. Gz ≤ W + Sx

• What is the worst-case number of iterations over x to solve theQP ?

• Key result: The number of iterations to solve theQP is a piecewise constant

function of the parameter x 12
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Figure 1. Results of the explicit certification algorithm: Partition of the
parameter set ⇥ based on the number of iterations required by the GI QP
solver (same color = same number of QP iterations). From top to bottom:
inverted pendulum, DC motor, heat exchange, AFTI 16.
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Figure 2. Results of the WCPE-MPC approach for inverted pendulum
problem (top) and heat exchange problem (bottom). Computational complexity
(yellow line) of WCPE-MPC is plotted as function of the memory occupancy
required to store an increasing number of regions, from 1 to nr � 1, along
with the complexity of implicit (blue line) and explicit (red line) MPC, and
the corresponding memory requirements. The best tradeoff points between
memory and worst-case execution time are circled.
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We can exactly quantify how

many iterations (flops) the QP

solver takes in the worst-case !
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Complexity certification for active-set QP solvers
(Cimini, Bemporad, IEEE TAC, 2017)

• Examples (fromMPC Toolbox):

inv. pend. DCmotor nonlin. demo AFTI 16

# vars 5 3 6 5

# constraints 10 10 18 12

# params 9 6 10 10

ExplicitMPC
# regions 87 67 215 417

max flops 3382 1689 9184 16434
maxmemory (kB) 55 30 297 430

ImplicitMPC
max iters 11 9 13 16

max flops 3809 2082 7747 7807
sqrt 27 9 37 33
maxmemory (kB) 15 13 20 16

explicit MPC online QP
is faster is faster

• Further improvements are possible by combining explicit and on-line QP

QP certification algorithm currently used in production

©2019 A. Bemporad - MPC Workshop - CDC'19 93/95



Certification of KR solver
(Cimini, Bemporad, 2019)

• TheKR algorithm is a simple and effective solver for box-constrainedQP.

All violated/active constraints form the new active set at the next iteration

(Kunisch, Rendl, 2003) (Hungerländer, Rendl, 2015)

• Assumptions for convergence are quite conservative, and indeedKR can cycle

We can exactlymap howmany iterations KR takes to converge (or cycle)

Table 4
Benchmark of KR and GI algorithms for an increasing con-
trol horizon for the inverted pendulum problem

Nu KR algorithm GI algorithm

nmax
KR

(±, ∗,÷)
mKR [kB]
16|32 bit

tKR [s] nmax
GI

(±, ∗,÷)|sqrt
mGI [kB]
16|32 bit

5 1454 3.39|3.70 10.82 1922|13 8.63|9.38

6 2290 3.51|3.93 31.35 2746|19 8.90|9.90

7 2875 3.65|4.20 79.16 4081|21 9.21|10.50

8 3902 3.81|4.50 231.76 5894|28 9.56|11.19

9 4616 3.98|4.82 292.54 8155|36 9.95|11.94

10 5421 4.17|5.19 391.65 10916|45 10.37|12.78

11 6296 4.37|5.57 509.91 14231|55 10.83|13.69

12 8039 4.59|6.00 892.35 18176|78 11.34|14.69

Figure 2 shows the polyhedral regions associated with
the tuples iterated by Algorithm 2. Again, the same color
means the same number of iterations of the KR algo-
rithm to find the solution. Black regions are those defin-
ing the tuples T i ∈ T̄, i = 1, . . . ,# T̄. This shows how
the certification algorithm is able to detect exactly the
regions where the KR algorithm is cycling, due to T̄ 6= ∅.
This result helps the control designer to eventually ex-
clude KR from the list of candidate algorithms to solve
the optimization problem, or alternatively can open the
avenue to use KR algorithm even if it cycles.

Indeed, by knowing exactly the regions where this hap-
pens, one could apply a semi-explicit approach similar to
the one proposed in [9], by storing the explicit solution
only for the regions of cycling. Given the certification re-
sult for the non-cycling polyhedra, and the straightfor-
ward computation of the worst-case flops for the evalua-
tion of the partial explicit law, one can exactly certify if
the semi-explicit approach with KR as an implicit solver
is superior to other algorithms.

5 Conclusion

We have presented a certification algorithm that exactly
computes the worst-case number of iterations and flops,
or failure to converge, of the KR primal-dual infeasible
block principal pivoting method for solving a family of
box-constrained QP’s, that depend on a vector of pa-
rameters in the linear term of the cost function and/or
in the upper and lower bounds on the optimization vec-
tor. Compared to active-set methods, the considered KR
block principal pivoting algorithm can be much faster
and easier to code, although it lacks guarantees of con-
vergence for all strictly convex box-constrained QPs.
The results of this paper open the opportunity to adopt
the KR solver in embedded MPC applications when
the certification analysis provide a positive result, or to
prohibit its use by providing counter-examples where

# of iterations 1 2 3 4 5 6

regions where KR fails

0 1 2 3 4
−2

−1

0

1

2

θ1

θ 2

Figure 2. Complexity certification of the KR algorithm for
the toy QP problem (19). The black regions represent subsets
of the parameter space for which the KR algorithm cycles.

it would fail. The complexity certification and conver-
gence verification have been successfully demonstrated
on well-known MPC problems, in which the sufficient
conditions for convergence available from the literature
are not satisfied.
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Example 1 Example 2 Example 3

ExplicitMPC
max flops 324 1830 5401
maxmemory [kB] 3.97 15.9 89.69

Dual active-set
max flops + sqrt 580 + 5 1922+ 13 3622+ 24
maxmemory [kB] 8.21 8.63 8.90

KR algorithm
max flops 489 1454 2961
maxmemory [kB] 3.19 3.39 3.51
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Workshop program

 LinearMPC: introduction and algorithms (AB)

 Nonlinear and economicMPC (MZ)

 Hybrid and stochasticMPC (AB)

 Reinforcement learning andMPC (AB+MZ)

 Concluding remarks (AB+MZ)

Supplementarymaterial:

http://cse.lab.imtlucca.it/~bemporad/mpc_course.html
https://mariozanon.wordpress.com/teaching/
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